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Introduction

students.
6¶µ

��§ïÄ��µ

éX�ªµ

\�Æ�oº

Instructor.

I ÜgNµ

I ��µAÛ§/G©

Û§�Æã�©Û¶

I éX�ªµ

>{µ134-3920-1025, ã
Ö,Ü�¢501¿

I ,�µreading, playing
soccer,...

y�êÆ�Ä��ó

I y�êÆå£º¤µ1930’s Nicolas Bourbaki School:
With the goal of founding all of mathematics on set theory,
the group strove for utmost rigor and generality, creating
some new terminology and concepts along the way.

I y�êÆé�µ²;êÆ(îAp��m) 7→ y�êÆ(6
/+(�)

I �Æ��fµcategory and functors

I A^µ�©AÛ§�©�§§êÆÔn§åÆ§ÚO§�ª

£O§�Æã�§"""



êÆ9ÙA^��g�Úóä

I ÛÜ��Ûµlocal → global

I �5���5µlinear → nonlinear

I k��Ã¡µfinite dimension → infinite dimension

I 6/þ��È©µëYº �©ºÈ©º

�o´�©6/º

I manifold=mani+fold

I �©6/=manifold+differential structure, �©AÛ=�©6
/+Riemannian Metric

I 6/��)�mµAX + B = 0 → �5�m¶
AX 2 + BX + C = 0 �¶... F (x) = c , Y²8(level sets),
F−1(c) 6/

I í2µÜþm§n�m§orbifold, varifold, ...

SN

I 0��©6/�Ä�Vg§�{"→ Ideas

I ÆSí2�È©��©6/�êÆL§"→ Theory

I A^u�Öy�©z"→ language, tool

ë�Ö

ý��£µ

�È©§�5�ê§
)�:ÿÀ§AÛ�Vg"

I ��)§���µ�©AÛùÂ"(Lectures on Differential
Geometry) Recommendation

I ���µ�©6/ÐÚ"Recommendation

I Spivak,Michael: Calculus on Manifolds.(6/þ��È©)

I Lee,John.M.µIntroduction to smooth manifolds.

I Lang,SergeµDifferential and Riemannian Manifolds.



�j

I Introduction and calculus on Euclidean spaces,

I Differential manifolds and tangent spaces,

I Multilinear algebra and tensors,

I Differentiation and vector fields,

I Integration and differential forms,

I Fundamental theorems of Calculus,

I *Lie group,

I ***Advanced topics: generalization and application.

�§&E

I þ��mµ±n£9-10!¤ÌH304,±Ê£9-10!¤Ì
H306.

I �ú�mµ±o(12pm-2pm)½ý�" ãÖ,Ü�¢501

I éX�ªµ134-3920-1025. sirongzhang@buaa.edu.cn

I �§�Õµsites.google.com/site/sirongzhang/

µ©

I

Total(100pts)=HW(60pts)+Inclass(10pts)+Presentation(30pts).

I Homeworks:there are about 7 HWs, each worths 10pts. The
best six of seven are counted.

I Final Presentation: The grade is based on in-class
presentation(20pts) and project report(Latex)(10pts).

I Inclass(10pts): encouragement for in-class questions.

Final Presentation

I Presentation topics (Chosen by Week 8) : below are some
examples, you could choose your topic(and need the
instructor’s approve). * Infinite dimension manifolds(Banach
manifolds and Hilbert manifolds) * Complex manifolds,
Kahlerian manifolds; * Fiber bundle, Jet bundle; * Integral
manifolds; * Symplectic manifolds, Poisson manifolds; *
Riemannian manifolds and general relativity; * Orbifolds and
Superstring theory, * Current, varifold, geometry measure
theory; * Algebraic manifolds; * Statistical manifolds;

I Project content:

I Each presentation includes background, concepts, methods
and main results.

I In-class presentation(time TBA): each person for 20-30
minutes. All students grade others’ presentations by A,B,C.

I Paper: in PDF format due week 16.
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îAp��m£�

Topology and Continuity

Vector space and Linearity

Measure space and Integral

îAp��m��ÿÀ�m

I ÿÀ�m(X , T ): Tm8:«©ØÓ:,ïá��,4�Vg"
B = {(a, b)} )¤ (En, T ):

I ëYN�µ(X , Tx)
f−→ (Y , Ty )

½Âµ∀U ∈ Ty , f −1(U) ∈ Tx ,§ ½ÂµÓ�

I ÿÀ5�µHausdoff(T2),�êÄ(A2),ëÏ§;�µ
***�êÿÀµÓN+§Ä�+(ÓÔ+).

I �m�Eµf�m§¦È�m§û�m§CX�m,ëÏ
Ú"

I îAp��m��Ýþ�mµd(x , y) = |x − y |§Cauchy S
�§

½nµ[a, b]´;�8.
½nµEn´���m"(Cauchy S�Âñ��:)

îAp��m���þ�m

I �þ�m(V ,F)µ\{++ê¦"�5�'
½nµVd�5Ã'�ÄB)¤"
AOÄk��,P�DIM = n§B = {e1, e2, . . . , en}.

I �5N�µV
f−→ W � \{+ê¦. 1�ªdet f .

½nµ�5N�dÄN�éA�Ý
û½"

f (e1, e2, . . . , en) = (d1, d2, . . . , ...dm)Mmxn

I éó�mµV ∗ = {f : V → R},éóÄεi (ej) = 1, ⇐⇒ i = j
½nµV ∗∗ ∼= V .P〈εi , ej〉 = δi

j .

I �m�¤µf�m§¦È�m"Ø�m§��m"

I �Èµρ : V × V → R V�5µé¡§�½§n�Ø�ª"

P�〈v ,w〉|ρ.��Ä§Gram-Schmidt�{"
½nµρ�ÑV�V ∗���éA" ρ(v)w = 〈v ,w〉.



îAp��m���ÿ�m

I �ÿ�m(X ,M). M´σ�êµ�E8Ü�Ú$�"A
OM�¹m8§Borel�ÿ"

I ÿÝµµ : M 7→ [0,+∞] ÷v�ê�Ø��8Ü�\{"
µ(

∑+∞
n Un) =

∑+∞
n µ(Un)

I �EÿÝµ��z§¦ÈÿÝ(Fubini½n)§k.�5�
¼(Rieze L«½n)¶

I Lebesgue ÿÝ: µ([a, b)) = b − a

I *Riemann-Stielties ÿÝµk.C©¼ê�m

îAp��m£�

Topology and Continuity

Vector space and Linearity

Measure space and Integral
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Lecture 2: Review of Calculus in En

Differential Analysis
Linear maps
Derivative maps
Second derivative

Integration
Step maps
Mean value theorem
Lebesgue Integration

Fundamental Theorems of Calculus

�o´�©?

Question:
�o´�ê? �o´��©?

Answer:
��©´3¼ê,:NC��5%C"

�¼ê3z�:��´���5N�"

Remark (5P:)

1920 Banach �m��©©Ûïá" Frechet, Hilderbrandt,...
Reference: Serge Lang, Real and Functional Analysis(GTM142).

�5N�

PlE → F��5N�8Ü�L(E ,F ).

Definition
f : U ⊆ En → Rm3p:´���µXJ�3ëY�5N�
λ : En → Rm Ú ψ : Bε ⊂ En → Rm,¦� limh→0

ψ(h)
|h| = 0 and

f (p + h) = f (p) + λ(h) + ψ(h)

Remark
·�P ψ(h) = o(h), λ(h) = Df (p)(h)"

Proposition

1. �5N�λ(h)3�:?´���"

2. f3p:��§Kf3p:ëY"



�¼ê½��©, �ê

Definition
XJf3U ⊆ Enþ??��§�½Â�¼ê: f ′ : U → L(En,Rm),
f ′(p) = Df (p) ∈ L(En,Rm). f ′�P�Df ,¡���©"

Proposition

1. D ´�5�, ÷v¦È�4ÙZ]{K§÷vEÜ�óª{
K¶

2. f´~�¼ê§Df = 0. f´�5N�§Df = f .

Definition
PEn = E1 × E2 × · · ·En, Pf i : Ei → En f−→ Rm,¡Ù�¼ê
�f�1i� �ê, P�Di f½

∂f
∂pi
"

Remark
DF = (D1F ,D2F , ...DnF )§ 3Äe�L«� m × nÝ
"

���ê

Definition
®��¼ê: DF : U → L(E,R), ½Â���ê
�D2f : U → L(E, L(E,R)). aq�±½Âp��êDk f .

Remark
L(E, L(E,R)) ∼= L(E,E; R).L(E,E; R)´E × E → R�V�5¼
ê"{P�L2(E,R).

Proposition

1. w : E × E → R´V�5¼ê§KDw : U → L(E × E ,R). k
Dw(p1, p2)(v1, v2) = w(p1, v2) + w(v1, p2),D2w =
const,D3w = 0.

2. eD2f (p)3p:ëY§K7,´é¡�V�5¼ê"
=D2f (p)(v ,w) = D2f (p)(w , v). AOkHessianÝ
"

3. �g : R → R��5N�§KD2(g ◦ f )(p) = g ◦ D2f (p).

Remark
ép��¼êkÓ�(J"

©ãN�

Definition
f : I → E¡�©ãN�(step maps), XJ§÷vµIdk�Ø��
�f«mI1, . . . , InCX¶f3z�«mþ�~êvi"P©ãN��

m�St(µ,E ).

Definition
ef´©ãN�§½Âf3«m[a, b]þ�È©

�
∫
I f :=

∫ b
a f (t)dt =

∑i=n
i=1 viµ(Ii ).

Proposition

I z�ëY¼ê�±L«���©ãN�S�fn���Âñ4
�"l�±½ÂëY¼ê�È©"

I È©´St(µ,E ) → E���5N�"(È©��5,�Ò5"
«m�\5)

I �g : R → R��5N�§K
∫ 1
0 (g ◦ f )(t)dt = g ◦

∫ 1
0 f (t)dt.

È©¥�½n

Lemma
È©Ø�ª |

∫
I fdµ| ≤

∫
I |f |dµ ≤ ‖f ‖µ(I )

Theorem (�È©Ä�½n)

�f3[0, 1]þëY§K¼êF : [0, 1] → R,F (t) =
∫ t
0 f3[0, 1]�

�§��¼êDF (p) = f (p).

Theorem (È©¥�½n)

ef : U → FkëY�¼ê§��ãp + tq, 0 ≤ t < 1�¹uU,
k

f (p + q)− f (p) =

∫ 1

0
Df (p + tq)qdt =

∫ 1

0
Df (p + tq)dt · q

Remark
ép��¼êkÓ�Taylorúª"



V��È©

Definition
3©ãN��mSt(µ,E )þ½Â ��
êµ‖f ‖1 =

∫
x |f |dµ =

∫
f"

St(µ,E )U��ê��z����mP�L1(µ).

Remark
V��ÿÝéAuV��È©"

d��zL§aquknê�¢ê�L§,�5���!

�
�'(Jµ

I üNÂñ½n(Fatou Ún,��Âñ½n),Fubini ½n;

I k;�|8Ã¡��¼êC∞
c (Rm)3L1(µ,R)SÈ�"

I Rieze L«½nµCc(Rm)��¼fλ��û½���Borelÿ
Ýµ§�

λ(f ) =

∫
fdµ := 〈f , dµ〉

�È©�Ä:½n

Theorem (_¼ê½n)

XJf : En → Rm 3:p?Df (p)´�_�5N�§Kf3p:NC
´�ÛÜÓ�"l�3ÛÜ�_¼ê"

Theorem (~�©�§ÛÜ�3��½n)

�f : U → EëY��§é?�:p ∈ U,���3�«mþÈ©
�F : I → U,¦� DF (t) = f (F (t)), F (0) = p.

Remark
é�5 �©�§kaq�3½n"

Theorem (Stokes½n) ∫
M

dω =

∫
∂M

ω
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Lecture 3: Topological and Differential Manifolds

Topological manifolds
Definition
Examples
Classification

Differential manifolds
Definition
Examples
Smooth maps
Results

�o´ÿÀ6/?

Definition (n�ÿÀ6/M)

M´�ÿÀ�m§¿÷vµ

1. ÛÜÓ��n�îAp��m

2. Hausdorff �m(T2)

3. k�ê�Ä(A2)

Remark ({¤5P:)

1854 B.Riemann;
1902 D.Hilbert;
1913 H.Weyl

ÛÜîAp��m

Definition (ÛÜîAp��m)

?�:p ∈ M,�3m��þÓ�N�φ : U → En"

Remark
·�¡ (U, φ)�M����Ik"
φ(q) = (x1(q), x2(q), . . . , xn(q))

Proposition

1. îAp��m�ü m¥Bn(1)Ó�uEn

2. ?¿ü�����Ik3�8þ�´Ó�"(�IC�)



Hausdorff �m

Definition (Hausdorff �m: T2)

XJMþ?�ü:p, q,�3ü�Ø���m8U,V ,¦
�p ∈ U, q ∈ V

Proposition

1. ?�ÂñS��4�´���"

2. z��:´48"

�êÄ

Definition (Ä)

B´�xM�f8§¿÷v

1. ?�:áuB¥,�8Ü¶
2. XJB1,B2 ∈ B¿�x ∈ B1 ∩ B2,K�3,��B3 ∈ B ¦
�x ∈ B3 ⊂ B1 ∩ B2

Remark
B¥���¿8)¤��MþÿÀT"
B¥���ê�¡�A2.

Remark (Ù¦ÿÀ5�)

ëÏ5µb�M´ëÏ�"
;�µM´ÛÜ;��"
Ä�+µM�Ä�+´�ê�"

�E#6/

¥lSC�	

Sphere turns inside out

Proposition

I M�z�mf8´n�6/"

I ¦È6/Mn × Np ´ n + p�6/"

I *** 6/�ëÏÚ´6/"

Remark
�>6/µÛÜÓ��þ��mHn,Hausdorff§k�êÄ�ÿÀ
�m"

~�~f

EXAMPLE (¼ê�ã�)

�¼êF : U ⊂ Rn → RkëY, P¼ê�ã�
Γ(F ) =

{
(x , y) ∈ Rn × Rk : x ∈ U, y = F (x)

}
Γ(F )´�n�6/"
½ÂφF (x , y) = x,(Γ(F ), φ)´���Û�Ik"

EXAMPLE (n�¥¡)

PSn = {x ∈ Rn+1 : |x | = 1}.y²µSn´n�6/"

EXAMPLE (n��¡)

PT n = S1 × S1 . . .S1.

EXAMPLE (n��K�m)

PRPn´Rn+1¥���f�m�8Ü"



A^¢~

I ²;AÛµ�§¡(¥¡,�¡)

I E©Ûµiù¡

I �êµGL(n,R), SL(n,R),O(n),U(n);
SO(n) ∼= S1,SU(n) ∼= S3

I �êAÛµ�êõ�ª�)(variety),ÛÉ:§E�K�m"

I ²;åÆµm:XÚ��©�§|§�±w�6/þ�~�
©�§|(ÄåXÚ).

I �éØ: 4���6/§Lorentz Ýþ§÷vOÏd"�§( 
�©�§).
�»��N/Gº k��ÛÜ�Ý��ëêû½"

I þf|Øµstring Øµ4���+6�Calabi-Yau6/"

ÿÀ6/�©a
�ê�{ → �êÿÀ

1. n�z½nµz�1§2§3�ÿÀ6/Ó����üXE
/"(n = 2 Rado 1925; n = 3 Moise 1977)
n = 4,�3�~§n > 4��"

2. ��©a½nµz���ÿÀ6/Ó�ü 	½¢ê¶"
3. � �©a½nµz�;���ÿÀ6/Ó�ü ¥¡§½
�¡�ëÏÚ§½�K²¡�ëÏÚ"(1907)
î.«5êµχ(M) = v + F − E , éA
kχ(M) = 2, 2− 2n, 2− n

4. n �©a½nµPoincare ß�µ?�Ä�+²��;�n
�6/Ó��S3.
S.Smale(1961):n ≥ 5 �("
M.Freedman(1982):n = 4 �("
W.Thurston(1970): AÛzß�µ?�;�n�6/�±�
¤k�¬§z¬þkl�¥���AÛ(�"

G.Perelman(2003): y²"
5. 4 �9±þ©a½nµA.Markov(1958)y²Ø�3©a�
{"

�o´�©(�?

Definition (n�ÿÀ6/Mþ��©(�)

M´�ÿÀ�m§A{(Ua, φa) : a ∈ I}´�x�Ik§
¿÷vµ

1. {(Ua, φa) : a ∈ I} ´M���mCX¶

2. áuA�?ü��Ik´C r�'�¶

3. A´C r4��"

¡A�Mþ��C r�©(�"

¡(M,A)���n�C r�©6/"

Remark (ØÓaO)

C 0 ÿÀ6/

C∞ 1w6/
Cω ¢)Û6/ Cω E)Û6/ n = 2m

1wAtlas /ãþ

Definition (C r�'(�N))

XJMþ�?ü����Ik(U, φ), (V , ψ) : U ∩ V 6= ∅,÷v
ψ ◦ φ−1 : φ(U ∩ V ) → ψ(U ∩ V )´C rN�(Ó�)"
¡ψ ◦ φ−1��Ik�LÞN�(transition map)"
¡(U, φ), (V , ψ)´C r�'"

Definition (1wAtlas)

XJMþ��Ik8ÜACXM, ¿� Ù¥?ü����I
k(U, φ), (V , ψ),÷v ψ ◦ φ−1´1w�©Ó�"

¡A�Mþ���1wAtlas" áu1wAtlas��Ik¡�NN
1w�Ik"

Remark

1. ¤k�Ik�8Ü�¤C 0/ãþ"

2. AtlasØ´���¶A1 = {(Rn, Id)},A2 = {(B1(x), IdB1(x))}



4�/ãþÚ�IL«

Definition (4�/ãþ)

¡Mþ/ãþA´4��§XJ?��Ik�A¥�z���I
kÑ´1w�N�§ §7,áuA"

Proposition

1. Mþ?�/ãþ�¹u��4�/ãþ"

2. k���Û�Ik�ÿÀ6/´��1w6/"

Remark (�IL«)

1. ?��Ik(U, φ)�ÑUþ��«�I"?�:p ∈ U��
IL«φ(p) = (x1, x2, . . . , xn)|p.

2. ~fµ4�Iφ(p) = (ρ, θ)½Â3U = (x , y) : x > 0þ"

�E#1w6/

Proposition

I 1wM�z�mf8´n�1w6/"

I ¦È1w6/Mn × Np ´ n + p�1w6/"

I ***^Rn¥mf8(pull-back)½Â8ÜM�ÿÀ(�Ú�©
(�"

Remark (EinsteinÚª�½:)

P
∑i=n

i=1 x iei = x iei ,i´Û¹�I(dummy index)"

~�~f

EXAMPLE (�Û�Ik)

¼ê�ã�;
R1�ü�1w(�µ(R1, Id),(R1, φ) : φ(x) = x3;

EXAMPLE (n�¥¡)

SnA^ã��/ãþÚ¥4ÝK�/ãþû½Ó��1w(

�"

EXAMPLE (n��þD��m)

PVn�Ä�Ei : i = 1, ..n.Rn�Ä�ei : i = 1, ..n.
�3�Û�Ikφ : V → Rn : φ(X ) = φ(x iEi ) = x iei .
5¿§�Ä�À�Ã'§¡�IO1w(�"

EXAMPLE (Ý
)

m × nÝ
´mn�1w6/"n × n�_Ý
GL(n,R)´n2�1w

6/"***Grassman6/µn��þ�m�k�f�m8
ÜG (n, k)´n(n − k)�1w6/"

¢�K�m

EXAMPLE (RPn)

�x´Rn+1¥?��":§ P[x ]�Lx , 0���(��f�m).
RPn�ÿÀdN�π : Rn+1 → RPn, π(x) = [x ]û½"
�IkUi , φi�Ui = π(Wi ) : Wi = {x i 6= 0},

φi [x
1, x2, ..., xn+1] = (

x1

xi
, . . . ,

x i−1

xi
,
x i+1

xi
, . . . ,

xn+1

xi
)

φ−1
i (u1, u2, . . . , un) = [u1, . . . , ui−1, 1, ui , . . . , un)

�i > j ,

φj◦φ−1
i (u1, u2, ..., un) = (

u1

uj
, . . . ,

uj−1

uj
,
uj+1

uj
,
ui−1

uj
,

1

uj
,
ui

uj
, . . . ,

un

uj
)



1wN�

Definition (1wN�)

F�l1w6/M�N�N�§f¡�1w�§XJ?�p ∈ M,�
31w�Ik(U, φ)�¹p,�31w�Ik(V , ψ)�¹F (p),
¿�F (U) ⊂ V , EÜN�ψ ◦ F ◦ φ−1´1wN�(φ(U) → ψ(V )).
PF̂ = ψ ◦ F ◦ φ−1�F��IL«"

Proposition

I F´1w���Ik�À�Ã'¶

I z�1wN�´ëYN�¶

I 1wN��EÜ´1w�¶

Remark
�©Ó�(Diffeomorphism):�31w_N��1wN
�F : M → N,´M�N���1wÓ�"

~�~f

EXAMPLE (1w¼ê§1w�)

f : M → R;P�C∞(M), ´�Ã¡��þ�m(6/º)
f : I → M;1w�(6)

EXAMPLE (i\�CXN�)

f�mi\: ı : Sn → Rn+1

¦È6/Ý�µπ1 : M × N → M
ûN�µπ : Rn+1/0 → RPn

EXAMPLE (�©Ó�)

R1 �©(��dµ(R1, Id) → (R1, φ): f : t → t1/3

m¥�RnÓ�"f (x) = x/(1− |x |2)

�©ÿÀ�(J

�©(� → �©ÿÀ

Theorem (ü ©))

(A2)1w6/þ�3�S�(�ê)1wfi§÷v
0 ≤ fi ≤ 1,suppfi;�§

∑
fi = 1.

1. 1w�©(���(Munkers, Moise )µn ≤ 3 �©Ó�¿Â
e��.

2. îAp��m��µn 6= 4
n = 4,Ã¡õ"(1984) Donaldson, Freedman.

3. ;�6/:�3ÿÀ6/Ã�©(�"n > 3;
Milnor %¥ S7þk28��©(�"
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Lecture 4: Tangent Space and Submanifolds

Tangent spaces

Extension of Tangent spaces

Rank of smooth maps

Submanifolds

N�O�1wN��©º

Question:
�o´�ê? �o´��©?

Answer:
��©´3¼ê,:NC�

�5%C"

�¼ê3z�:��´��

�5N�"
Remark
½Â6/z�:?��5�m?
½ÂéAN�3z�:��5%C?
`²½Â��IkÀ�Ã'!

îAp��m���þ

Definition (AÛ��þ�m)

?�:p ∈ Rn,PRn
p = (p, v) : v ∈ Rn.

¡v�3p:���þ"

Remark
��þ�E���êµ

Dv |pf = Dv f (p) = d
dt |t=0f (p + tv)

Dv |p´C∞(Rn) → R����5N�"�÷v¦È{K"



îAp��m��f�m

Definition (1w¼ê��f)

���5N�X : C∞(Rn) → R¡�3p:��f(derivation)"
XJ÷vX (fg) = f (p)Xg + g(p)Xf .

Remark
P�f|¤�m´�5�m§P�Tp(R

n)§¡�p:���m"

Lemma (�f�5�)

1. f´~�¼ê,Xf = 0

2. f (p) = g(p) = 0,X (fg) = 0

��m=AÛ�þ�m

Theorem (��mÓ�)

XJRnþ?�:p,N�:vp → Dv |p´��lRn
p�Tp(R

n)�Ó�"

Proof.

1. N�´�5�¶

2. N�´ü�¶

3. N�´÷�¶
TaylorÐmf (x) = f (p) +

∑ ∂f
∂x i (x

i − pi ) +
∑

gi (x)(x i − pi )

Corollary
∂

∂x1 |p, . . . , ∂
∂xn |p|¤Tp(R

n)��|Ä"

6/���m

Definition (1w6/þ���m)

���5N�X : C∞(M) → R¡�3p:��f(derivation)" X
J÷vX (fg) = f (p)Xg + g(p)Xf .
¤±3p:�f|¤��5�m¤�3p:���mTp(M).

Lemma (�f�5�)

1. f´~�¼ê,Xf = 0

2. f (p) = g(p) = 0,X (fg) = 0

3. e3p:�,��þf = g§kXf = Xg.

6/��N�

Definition (push-forward �N�)

�½1wN�F : M → N§3?�p½
ÂF∗ : TpM → TF (p)N,
F∗(X )(f ) = X (f ◦ F )

Proposition (�N�5�)

1. F∗´�5�¶

2. EÜóª{K(G ◦ F )∗ = G∗ ◦ F∗

3. eF´�©Ó�§ F∗´�5Ó�"

4. AOmf8i\i : U → Mp
�i∗ : Tp(U) → Tp(M)Ó�"



�Ik�L«ÚO�

Corollary

(φ,U)�M3p:����Ik,K ∂
∂x1 |p, . . . , ∂

∂xn |p|¤Tp(M)�
�|Ä"

Ù¥ ∂
∂x i |p = (φ−1)∗

∂
∂x i |φ(p)¡��Ik�þ"

PX = X i ∂
∂x i |p,X i´�I©þ;

Remark
�½1wN�F : M → N§�IL«F̂ = ψ ◦ F ◦ φ−1¶

kF∗(
∂

∂x i )|p = ∂F̂ j

∂x i (p̂) ∂
∂y j |F (p).

¡F∗�DF (p), df (p),F ′(p),=��©!

Proposition (�IkC�)

� ∂
∂x i |p, ∂

∂x̃ i |p�ü��Ik�Ä¶ ÄC� ∂
∂x i |p = ∂x̃ j

∂x i (p̂) ∂
∂x̃ j |p

�IC� X̃ j = ∂x̃ j

∂x i (p̂)X i

1w����þ

Definition
P1w�r : I → M§�3t0:���þ�
r ′(t0) = r∗

(
d
dt |t0

)
∈ Tr(t0)M.

�P�dr
dt (t0).

Remark
AOr ′(t0)f = d(f ◦r)

dt (t0) =î¼���ê!

�IL« r ′(t0) = (r i )′(t0)
∂

∂x i |r(t0)

Proposition

I z���þX ∈ Tp(M)§�3�3T:���þ�X
→ ��da=��m?

I EÜ��óª{K (F ◦ r)′(t0) = F∗(r
′(t0))

��m��d½Â

I 1w¼ê�germÞµf ∼ g , f = g |U P�C∞
p

Tp(M)=C∞
p þ��f�m"

I 1w��daµ3�:���þ�Ó��¶

I ÷v�IC�5Æ��þ → Üþ"

{��m

Definition ({��m)

3:p�{��m�Tp(M)�éó�m§P�T ∗
p (M).

P�ω,Ä�dx i"

Definition ({�N�pushback)

�½1wN�F : M → N§3?�p½ÂF ∗ : T ∗
F (p)N → T ∗

p M,

F ∗(ω)(X ) = ω(F∗X )"

Remark
1w¼ê��©df��´{��þ!
f (p + v)− f (p) ≈ ∂f

∂x i (p)v i = ∂f
∂x i (p)dx i |p(v) = dfp(v)



1wN���

Definition (N���)

�½1wN�F : M → N§3?�p�N�
�F∗ : TpM → TF (p)N, ½ÂF����5N�F∗��"P
�rank(F )"
AOXJrank(F ) = kéz�:Ñ¤á§¡F´��k�~�N
�"

Definition (~�N��©a)

�½1wN�F : M → N´~��§XJrank(F ) = dimN,¡F´
ìvN�; XJrank(F ) = dimM,¡F´E\N�;
AOXJékf8ÿÀ��F (M) ⊂ N§F´E\§
�F : M → F (M)´ÿÀÓ�§¡F´1wi\N�"

Remark
F´ìvN�=F∗´÷�¶
F´E\N�;=F∗´ü�¶
�3ÿÀi\Ø´1wi\N�"

~f

EXAMPLE
Ý�´ìvN�µπ1 : M1 ×M2 → M1

N\(�¹)´E\N�: i : M1 → M1 ×M2

EXAMPLE (�¡)

½Â:T : R2 → R3�T (φ, θ) =
((2 + cosφ) cos θ, (2 + cosφ) sin θ, sinφ)
T´E\§p��¡�i\"

EXAMPLE (1w�)

½Âli/(figure
8)µr : (−π/2, 3π/2) → R2�r(t) = (sin 2t, cos t). §´E
\(r ′(t) 6= 0)Ø´i\"
½Â�¡�µrc : R → S1 × S1�rc(t) = (e i2πt , e i2πct). ´E
\§c�ÃnêØ´i\!

N���½n

Theorem (_¼ê½n)

�½1wN�F : M → N§3?�p�N�F∗�V�§K�3�
�p ∈ U,F (p) ∈ V ,¦�F |U : U → V´�©Ó�"¡�ÛÜ�
©Ó�"

AOdimM = dimN,F´ìv½E\§Ñ´ÛÜ�©Ó�"

Theorem (�½n)

�½1wN�F : M → N´~��§XJrank(F ) = k,K?�
:p?�31w�Ik(φU), (ψ,V )¦�F��IL
«F̂ (x1, x2, . . . , xm) = (x1, . . . , xk , 0, . . . , 0).
=~�N�ÛÜ�±w¤�5N�"

Theorem (~�N�©a)

�½1wN�F : M → N´~��§XJF´÷�§F´ìv¶
XJF´ü�§F´E\¶XJF´V�§F´�©Ó�"

Definition (i\f6/)

f8S ⊂ M÷vµ?�:p ∈ S,�3Mþ1w�Ikφ,U, k
φ(U ∩ S) = (x1, x2, . . . , xk , 0, . . . , 0).
S¡�i\k�f6/§codim(S) = n − k.

Definition (E\f6/)

f8S ⊂ M÷vµS´k�6/§�i : S → M´1wE\N�"
S¡�E\k�f6/§codim(S) = n − k.

Remark
z�i\f6/´E\f6/"

E\f6/�ÿÀ'��f8�ÿÀ["



i\f6/�~f

EXAMPLE (¼ê�ã)

Γ(F ) =
{
(x , y) ∈ Rn × Rk : x ∈ U, y = F (x)

}
´i\f6/"

AOÛÜ´¼êã�8Ü´i\f6/§XSn.

EXAMPLE (Ý
f+)

SL(n) = {detA = 1}´det−1(1),4�i\f6/"n2 − 1�
O(n) = {AAτ = 1}´f −1(Id),4�i\f6/"(n − 1)n/2�"

Remark
�>6/�>.´n − 1�4�i\f6/"

f6/��O{K

Theorem (i\,E\f6/)

i\f6/ ≡ i\N���"
E\f6/ ≡ E\N���"

Definition (Y²8)

�½1wN�F : M → N, F−1(p)¡�Y²8¶
eF∗(p)´÷�§¡p�F��K:§ÄK��.:"
eF−1(q)Ñ´�K:§¡q��K�§éA�����KY²
8¶ÄK��.�"

Theorem (N��Y²8)

�½1wN�F : M → N´~��§XJrank(F ) = k,?�Y²
8´��4�i\f6/(codim = k).
AOF´ìvN�§?�Y²8´4�codimN�i\f6/"
,	§?��KY²8´4�codimN�i\f6/"

f6/��©ÿÀ(J

I Sard Theorem: ?���.�����ÿÝ�""

I Whitney E\½n: ?�n�1w6/�±w�R2n�E\f

6/" (�U?�2n − 1)

I Whitney i\½nµ?�n�1w6/�±w�R2n+1�i\

f6/" (�U?�2n)

I Whitney %C½n:?�1w6/þ�ëY¼ê�k��1
w¼ê5%C"

I +G��½nµRn�z�i\f6/�3+G��"

I Whitney %C½n:?ü1w6/m�ëYN��k��1
wN�5ÓÔ%C"
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Lecture 5: Tensors and Bundles

Tensors
Vector spaces
multilinear functions
tensor algebra

Tensor Bundle
Tangent bundle
Vector bundle
Category theory

�5�mÚ�5¼ê

Remark (�5�m)

PV�n��5�m§Ä�ei ,?���v = x iei .
ÄC�:êi = Aej = aj

i ej ,PA = (aj
i ),A

−1 = (bi
j )

�IC�v = x jej = x̂ i êi , x̂ i = (Aτ )−1x j = bi
jx

j

Remark (�5¼ê�mL(V ; R))

PV ∗�n��5�m�éó�m§Ä�δi ,?���α = fiδ
i .

ÄC�:δ̂i = Bδj = bi
jδ

j ,PA = (aj
i ),B = (Aτ )−1

�IC�α = fjδ
j = f̂i δ̂

i , f̂i = (Bτ )−1f j = Afj = aj
i fj .

�5�m�éó

Remark (éó�é)

�½V ,V ∗þ�éóÄ§〈δi , ej〉 = δi
j§

ÄC�Ý
�'XA = (aj
i ),B = (Aτ )−1.

Remark (��méó)

�½Tp(M),T ∗
p (M)þ�éóÄ ∂

∂x i , dx i§〈 ∂
∂x i , dx j〉 = δi

j§

ÄC�Ý
: ∂
∂x̂ i = ∂x j

∂x̂ i
∂

∂x j

éóÄC�dx̂ i = ∂x̂ i

∂x j dx j , =B = (Aτ )−1.

?�V�5¼ê�Ñ���é"'X�È"



õ�5¼ê

Definition (õ�5¼ê)

f : V1 × V2 · · ·Vr → Réz�gCþ´�5�§¡
�V1 × V2 · · ·Vrþ� r�5¼ê§P�L(V1, . . . ,Vr ;R).
Äe1i , e2i , . . . , eri ,�ê�n1n2 . . . nr .

Definition (Üþ)

f´V1 × V2 · · ·Vrþ�r�5¼ê§Vi´V½V ∗��§¡f´�
�Üþ"

r = p + q,Ù¥p´V ∗��ê§q´V��ê,¡�(p, q).Üþ"
P�V p

q½ T q
p .

Remark (�C��C)

L(V ,R)�IéAC��ÄC��Ó§¡��C¶
V = L(V ∗,R)�IéAC��ÄC��=�_'X§¡��C¶
p��C�ê§q��C�ê"

Üþ�~f

I (0,0)µ¢ê

I (1,0): �þ(��þ)

I (0,1): �5¼ê({��þdf )

I (0,2): V�5¼ê§(0,n) õ�5¼ê(det)

I (1,1): �5C�

Definition (ÜþÈ)

f´(p1, q1)Üþ§g´(p2, q2)Üþ§K
f ⊗ g(α1, . . . , αp1+p2 , v1, . . . , vq1+q2) =
f (α1, . . . , αp1 , v1, . . . , vq1) · g(αp1+1, . . . , αp1+p2 , vq1+1, . . . , vq1+q2)
§´(p1 + p2, q1 + q2).Üþ"

Proposition

ÜþÈ÷v©�ÆÚ(ÜÆ" (f + g)⊗ h = f ⊗ h + g ⊗ h,
(f ⊗ g)⊗ h = f ⊗ (g ⊗ h)

Üþ�ÄL«

Proposition (Üþ�Ä)

�V ,V ∗þÄ�ei , δ
i ,K(p, q)þ�Üþ´nr��m§f3Äe��

I�

f
i1i2···ip
j1j2···jq = f (δi1 , . . . , δip , ej1 , . . . , ejq)

.
�IC�:

f̂
i1i2···ip
j1j2···jq = bi1

k1
· · · bip

kp
al1
j1
· · · alq

jq
f

k1k2···kp

l1l2···lq

�^�I5½ÂÜþ(Ricci).

Remark (Ä�ÜþÈL«)

f = f
i1i2···ip
j1j2···jq ei1 ⊗ · · · ⊗ eip ⊗ δj1 ⊗ · · · ⊗ δjq .

�m�ÜþÈ

Definition (�m�ÜþÈ)

�þ�mV ,W�ÜþÈ´dv ⊗ w)¤��þ�m"v ,ww
¤V ∗,W ∗þ�5¼ê" P�V ⊗W

Proposition

I V ⊗W´dim(V ) · dim(W )��þ�m

I V ⊗W ∼= L(V ∗,W ∗;R)

Proposition (ÜþÈ�m�A�)

?�V ,W ,X�þ�m¶XJA : V ×W → X´V�5N�§�

3���5N�Â : V ⊗W → X ÷v V ×W

π

��

A // X

V ⊗W
Â

;;wwwwwwwww



Üþ�ê

Definition (Üþ�ê)

PT (V ) =
⊕

p,q≥0 T q
p ,�þ�\{§ê¦ÚÜþÈ�¤���

ê"

AO§´©g�ê"

Remark
AOP�CÜþ�ê: T (V ) =

⊕
q≥0 T q

0 ;

�CÜþ�ê: T (V ∗) =
⊕

p≥0 T 0
p ;

Definition (é¡Üþ)

?�(0, k)��CÜþ´é¡�
f (x1, x2, . . . , xk) = f ◦ σk(x1, x2, . . . , xk)§ σk´k���+�?�
��"P�ΣK (V );

�k�é¡Üþ"

ÝþÜþ

Remark (�ÈÜþ)

〈, 〉´é¡(�½)V�5¼ê, =���CÜþ"P�g
�Ä�ei§éóÄδi ; gij = g(ei , ej), g = gijδ

i ⊗ δj . (gij)´é¡Ý

"

Pg ij�gij�_Ý
§g ] = g ijei ⊗ ej´���CÜþ"¡�g��
ÝÜþ"

��mþiùÝþgijdx i ⊗ dx j

Proposition

I g�ÑV → V ∗���Ó� F (v) = g(v , ·).
I �Iþ,eüµ hij ,h

j
i = hikgkj ,hi

j = hkjg
ki ,hij = hklg

kig lj

�m

Definition (�m Tangent bundle)

�½1w6/M§½Â6/��mTM =
∐

p∈M TpM.

z�:P�(p,X ), g,Ý�π : TM → M, π(p,X ) = p
(p,X ),Xp,XÑ�p:���þ"

Theorem (�m´1w6/)

�M´n�1w6/§KTM´2n�1w6/§�π : TM → M´
1wN�"

Corollary

F : M → N´1wN�§KF∗ : TM → TN´1wN�"

��þ|

Definition (��þ| Tangent vector fields)

�½1w6/M§½Â6/���þ|Y : M → TM´��ëY
N�§�÷vπ ◦ Y = IdM .
AO1wN�´1w�þ|"Y�¡�π����¡"(section)

Remark
�IL«Y (p) = Y i (p) ∂

∂x i |p.
Y´1w���=��I¼êY i´1w�"



{�m

Definition ({�m cotangent bundle)

�½1w6/M§½Â6/�{�mT ∗M =
∐

p∈M T ∗
p M.

z�:P�(p, ω), g,Ý�π : T ∗M → M, π(p, ω) = p

Definition ({��þ| cotangent vector fields)

�½1w6/M§½Â6/�{��þ|ω : M → T ∗M´��
ëYN�§�÷vπ ◦ ω = IdM .

Proposition

I T ∗M´2n�1w6/§�π : TM → M´1wN�"

I F : M → N´1wN�§KF ∗ : T ∗N → T ∗M´1wN�"

I ω = ωidx i´1w���=��I¼êωi´1w�"

½Â

Definition (�þm)

�½1w6/E ,M,1wN�π : E → M´÷�§V´k��þ�
m¶¡ E → M´Mþ���k��þm§XJ

1. Ep = π−1(p)´��V�Ó�,

2. ?�:p�3ÛÜ²�zN�Φ : π−1(U) → U × Rk´1wÓ

�, ÷v π−1(U)
Φ //

π
##FF

FF
FF

FF
F U × Rk

π1
{{xx

xx
xx

xx
x

U

Remark
E¡�m�m§M´.�m§π´mÝK§Ep´n�"

ü�ÛÜ²�zN��LÞ¼êµτ : U ∩ V → GL(k,R).

~f

EXAMPLE (¦Èm)

E = M × Rk ,¡�²�m"=�3
�Û²�zN�"

EXAMPLE (Möbius bundle)

E = I × R/ ∼→ S1.
k = 1¡��m"

EXAMPLE
�mÚ{�m"

Üþm: T k
l (M) =

∐
p T k

l (TpM).

Diffusion Tensor Imaging



1w�¡

Definition (section)

1wN�s : M → E÷vπ ◦ s = Idm§¡�(E ,M, π)���1w
�¡"

P�s ∈ Γ(E ). AOk½Â3m8þ�ÛÜ�¡"

Definition (Ie|frame)

XJ�3s1, s2, . . . , sk´�5Ã'�(=3z�
:p ∈ M,si (p)´Ep�Ä), ¡{si}´Mþ��Ie|"
aqkÛÜIe|"

Remark
ÛÜ²�zéAÛÜIe|"

TMþ ∂
∂x i´ÛÜIe|§T ∗Mþdx i´ÛÜIe|(q¡

�coframe).
�ÛIe|éA²��þm"

mN�

Definition (mN�)

(F , f )´�þ
m(E ,M, π) → (F ,N, π′)�mN�§
XJ π′ ◦ f = F ◦ π,�F |Ep´�5

�"

AOM = N�§¡F�Mþ�mN
�"

Remark

I �±½ÂmÓ�.

I �N�,{�N�´mN�"

I n�îAp��m��È

´TR3�TR3�mN�" �È

´TR3�R3 × R�mN�"

�Æ

Definition (�Æ category)

�Æ{C ,Hom}k�aé�X(objects),é�mÓ
�f = HomC (X ,Y )§9|ÜÓ�(f , g) = g ◦ f ; �÷v

1. Ó��(ÜÆ (f ◦ g) ◦ h = f ◦ (g ◦ h),

2. �3ü Ó�µf ◦ Id = Id ◦ f

AOf¡�Ó�XJf ◦ g = Id , g ◦ f = Id.

EXAMPLE

I 8ÜÚ8ÜN� SET

I ÿÀ�mÚëYN� TOP

I 1w6/Ú1wN�SM, �þmÚmN�VB

I �þ�mÚ�5N�VECT

I +ÚÓ�GROUP, o+ÚoÓ�LIE

¼f

Definition (FUNCTOR)

C ,D´�Æ§F : C → D´�C¼f, XJ÷v

1. X ∈ C ,F(X ) ∈ D,f ∈ HomC (X ,Y );

2. F(f ) ∈ HomD(F(x),F(Y )).

3. F(Id) = IdF(X );F(g ◦ h) = F(g) ◦ F(h)

Remark

I aq�±½Â�C¼f"

I �¼f:�C¼f SM → VB {�¼fµ�C¼f!

I �êÿÀµTOP → GROUP ÓN+§ÓÔ+*
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Lecture 6: Vector fields and Differentiation

Vector fields
definition
property
pushforward

Lie Bracket
definition
property
Lie Algebra

differentiation
covector fields
differentiation
pushback

line integral

index of vector fields

��þ|

Definition (��þ| Tangent vector fields)

�½1w6/M§½Â6/���þ|Y : M → TM´��ëY
N�§�÷vπ ◦ Y = IdM .
Y�¡���þm����¡"(section)

π−1U ⊂ TM

π

��

φ̃ // φ(U)× Rn

π1

��
U ⊂ M

φ
// φ(U)

Proposition

�IL

«Y (p) = Y i (p) ∂
∂x i |p.Ŷ (x) = (x1, . . . , xn,Y 1(x), . . . ,Y n(x)).

Y´1w���=��I¼êY i´1w�" ∂
∂x i |p´1w�þ

|"

��þ|�5�

Proposition (ÛÜ*¿)

�½Mþ�:p,Xp ∈ TpM§�31w��þ|X̃§÷vX̃p = X.
AO�±3ÛÜUþ½Â��þ|"

Proof.
�ÛÜ��U, 1wbump¼êϕ�| 8�¹uU,-X = X i ∂

∂x i |p,

X̃ (q) =

{
ϕ(q)X i ∂

∂x i (q) q ∈ U

0 q 6∈ suppϕ
(1)

Proposition (��þ|�m)

PT (M)�Mþ1w�þ|"T (M)´�þ�m¶
(aY + bz)p = aYp + bZp.�´�C∞(M)þ��"fY (p) = f (p)Yp.



��þ|�^u¼ê

Definition
�½Mþ1w��þ|Y ,1w¼êf , ½
ÂYf (p) = Ypf ∈ C∞(M).
AO½Â3ÛÜUþû½"

Proposition (1w�½)

�½Mþ��þ|Y"Y´1w���=�Yf´1w�§é?�
1w¼êf"

Proposition (��þ|´�f)

½Âµ�5N�F : C∞(M) → C∞(M)÷
vF (fg) = fF (g) + gF (f ) ¡��f" PT (M)�Mþ1w�þ
|"

KC∞(M)þ�f�T (M)��éA"

��þ|pushforward

Remark
�½Mþ1w��þ|Y ,1wN�F : M → N, ½
ÂF∗(Yp)(f )F (p) = Y (f ◦ F )|p �Ñ��þ�pushforard.
�þ|º q 6∈ F (M)? F (p1) = F (p2)?

Definition (F�'�þ|)

�½Mþ��þ|Y§Nþ��þ|Z§1wN
�F : M → N,¡Y ,Z´F�'�XJF∗(Yp) = ZF (p).

Proposition (F�'�½)

Y�Z´F�'���=�?�f ∈ C∞(N)÷v
Y (f ◦ F ) = (Zf ) ◦ F

Proposition (�35)

XJF´1wÓ�,K?�Mþ�þ|�3��NþF-�'�þ|.
P�F∗Y

o)Ò

Remark
�½Mþ1w��þ|V ,W, VW´Ä1w�þ|º
�~µR2 þV = ∂

∂x ,W = ∂
∂y§f (x , y) = x , g(x , y) = y,¦È{K

Øé!

Definition (o)Ò)

�½Mþ��þ|V ,W§?¿1w¼êf§½Âo)
Ò[V ,W ]f = VWf −WVf"
[V ,W ]´1w�þ|(�f).
ÛÜ½Â[V ,W ]p(f ) = VpW (f )−WpV (f )

Proposition (ÛÜO�)

ÛÜ�IL«V = V i ∂
∂x i ,W = W i ∂

∂x i , K

[V ,W ] = (V i ∂W j

∂x i −W i ∂V j

∂x i )
∂

∂x j

{P�[V ,W ] = (VW j −WV j) ∂
∂x j . AO[ ∂

∂x i ,
∂

∂x j ] = 0.

o)Ò5�

EXAMPLE
V = x ∂

∂x + ∂
∂y + x(y + 1) ∂

∂z ;W = ∂
∂x + y ∂

∂z ,

[V ,W ] = − ∂
∂x − y ∂

∂z

Proposition (o)Ò5�)

I V�5

I �é¡[V ,W ] = −[V ,W ]

I Jacobið�ª [V , [W ,X ]] + [W , [X ,V ]] + [X , [V ,W ]] = 0

I [fV , gW ] = fg [V ,W ] + (fVg)W − (gWf )V .

Proposition (o)Òg,5)

�F : M → N, V1,V2 ∈ T (M),W1,W2 ∈ T (N), X
J(Vi ,Wi )´F�'§K[V1,V2]�[W1,W2]´F�'.
AOÓ��±o)Ò"F∗[V ,W ] = [F∗V ,F∗W ].



o�ê

Definition (o�ê)

�þ�mgþN�g× g → g, (X ,Y ) → [X ,Y ],÷v

I V�5

I �é¡[V ,W ] = −[V ,W ]

I Jacobið�ª [V , [W ,X ]] + [W , [X ,V ]] + [X , [V ,W ]] = 0

¡g, []´�o�ê"[]q¡�Poisson)Ò"

Definition (o�êÓ�)

�5N�A : g → h§÷vA[X ,Y ] = [AX ,AY ].
AOko�êÓ�"

EXAMPLE
T (M); (R3,×) Abelian��o�ê[A,B] = 0.
Ý
M(n,R)§[A,B] = AB − BA§ P�gl(n,R)½gl(Rn).

{��þ|

Definition ({��þ| cotangent vector fields)

�½1w6/M§½Â6/�{��þ|ω : M → T ∗M´��
ëYN�§�÷vπ ◦ ω = IdM .
ω�¡�{��þm����¡"(section),q¡�©/ª
1-forms.

Proposition

�IL«ω(p) = ωi (p)dx i
p. ωi (p) = ωp(

∂
∂x i |p)

ω´1w���=��I¼êωi´1w�;��=�é?¿1w�
�þ|X, < ω,X >´1w�"dx i´1w1-form.
PT ∗(M)�Mþ1w1-form, T ∗(M)´�þ�m, �´
�C∞(M)þ��"f ω(p) = f (p)ω(p)

¼ê��©

Remark
Rnþ¼êf , FÝ|∇f = grad f = ∂f

∂x i
∂

∂x i .
´Ä�þ|º�IC�Ø´! ~ff (x , y) = x2.

Definition (¼ê��©)

?�1w¼êf : M → R,½Â�©�dfp(Xp) = Xpf .
df´1w1-/ª"AOdx i´1w1-/ª"{dx i}|¤coframe.

Remark
f∗ : TMp → TRf (p)�df3p:��§TRf (p)

∼= R.
{��þ�AÛ)ºµ

�©�AÛ)

ºµf (p + v)− f (p) ≈ ∂f
∂x i (p)v i = ∂f

∂x i (p)dx i (v) = dfp(v)

�©�5�

Proposition

I �5µd(af + bg) = adf + bdg

I ¦È{

Kµd(fg) = fdg + gdf ,d(f /g) = (gdf − fdg)/g2, g 6= 0

I EÜµd(h ◦ f ) = (h′ ◦ f )df

I df = 0 ⇔ f ≡ c

Proposition (÷���ê)

r : I → M ´1w�§f : M → R´1w¼ê§�¼
ê(f ◦ r)′(t) = dfr(t)(r

′(t)).

Proof.
dfr(t0)(r

′(t0)) = r ′(t0)f = (r∗
d
dt |t0)f = d

dt |t0(f ◦ r) = (f ◦ r)′(t)

(f ◦ r)′(t)�ü«¿ÂµêÚ��þ"



p�{��þ|

Definition (pushback)

�½G : M → N,Nþ{��þ
|ω,kG ∗ : T ∗N → T ∗M : G ∗(ωp)(X ) = ωp(G∗Xp),
½Â¶(G ∗(ω))(p) = G ∗(ωG (p)).

Theorem
Nþ{��þ|ω´1w�§KG ∗(ω)�´1w�"

Lemma
�½Nþ1w¼êf§G : M → N, ω ∈ T ∗(N), k
G ∗df = d(f ◦ G );G ∗(f ω) = (f ◦ G )G ∗ω.

Theorem PROOF: G ∗ω = G ∗(ωidy i ) = (ωi ◦ G )d(y i ◦ G )

p�1/ª�O�

�©/ª�ØC5

G ∗ω = G ∗(ωidy i ) = (ωi ◦ G )d(y i ◦ G ) = (ωi ◦ G )dG i

EXAMPLE
N� G : R3 → R2,G (x , y , z) = (u, v) = (x2y , y sin z),
ω = udv + vdu.
G ∗ω = (u ◦ G )d(v ◦ G ) + (v ◦ G )d(u ◦ G )
G ∗ω = 2xy2 sin zdx + 2x2y sin xdy + x2y2 cos zdz

EXAMPLE (�IC�)

Id : (x , y) = (r cos θ, r sin θ);
xdy−ydx = Id∗(xdy−ydx) = (r cos θ)d(r sin θ)−(r sin θ)d(r cos θ)
xdy − ydx = r2dθ

�È©

Definition («mÈ©)

�½ω�[a,b]þ�©1/ª§½Âµ
∫
[a,b] ω =

∫ b
a f (t)dt.

5Pµ½Â�ëêzÃ'(�©Ó�ØC)
∫
[a,b] ω =

∫
[c,d ] φ

∗ω

Definition (6/þ�È©)

r : [a, b] → M´1w�§ω ∈ T ∗(M), ½Âµ
∫
r ω =

∫ b
a r∗ω.

�í2�©ã1w�"

5Pµ?¿ü:�±�©ã1w��ë"

Proposition

O�úªµ
∫
r ω =

∫ b
a r∗ω =

∫ b
a ωr(t)(r

′(t))dt

�È©�È©½n

Proposition

I �5µ

I �U\µ
∫
r ω =

∫
r1

ω +
∫
r2

ω

I r´~N�§
∫
r ω = 0

I ëêzØCµr̃ = r ◦ φ,
∫
r ω =

∫
r̃ ω

Theorem (�È©��È©½n)

1w6/Mþ1w¼êf , r : [a, b] → M´��©ã1w�,k∫
r df = f (r(b))− f (r(a))

PROOF:
∫
r df =

∫ b
a dfr(t)(r

′(t))dt =
∫ b
a (f ◦ r)′(t)dt.



�þ|��I

Definition
�þ|V ∈ T (M)§XJV (p) = 0,¡p:�V�Û:"
�áÛ:��IµindpV´�þ|�7p:^=��ê"

Theorem (Hopf)

M´;�1w6/§V´�k�áÛ:�ëY�þ|§K�IÚ
�uM�î.«5ê"∑

IndpV = χ(M)

S2nþØ�3??Ø�"���þ|"S2n−1þ�3"
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Lecture 7: Integral curves and Lie derivatives

Integral curves
definition
property
flows from vector fields

Lie derivatives
definition
Lie bracket

È©�

Definition (Integral curves)

�½1w�r : I → M§6/þ1w��þ|Y : M → TM§
¡r´Y��^È©�§XJ
r ′(t) = Y (r(t)), t ∈ I .
AOµ� 0 ∈ I§Pr(0) = p���å:"

I

r̃   B
BB

BB
BB

B
r // M

Y
��

TM

I

i
��

r // M

Y
��

TI r∗
// TM

Remark

I r∗ ◦ i�±w�r̃�^TM¥�"¡�r�J,"

I ÛÜ�3��"

È©��5�

EXAMPLE
Y = ∂

∂x ∈ T (R2).
r(t) = (a + t, b),��§Ã���¶

EXAMPLE
W = x ∂

∂y − y ∂
∂x ∈ T (R2).

r(t) = (x(t), y(t)), r ′(t) = x ′ ∂
∂x + y ′ ∂

∂y = W;

)�§µr(t) = (a cos t − b sin t, a sin t + b cos t),��§Ã��
�¶

Proposition (²£�)

�r´Y�È©�§Kr̂ : I + a → M�´�^Y�È©�"

PROOF:
r̂ ′(t0)f = d

dt |t0f ◦ r̂(t) = d
dt |t0f ◦ r(t − a) = (f ◦ r)′(t0 − a) =

r ′(t0 − a)f = Y (r(t0 − a))f = Y (r̂(t0))f .



��þ|)¤�6

Remark
�½Mþ1w��þ|Y ,?�:�3����È©
�θp : R → M. θ′(t) = Y (θp(t)).
½Âµθt : M → M; θt(p) = θp(t), �ÑM���Ó�"
AOθs ◦ θt(p) = θs+t(p)"

Definition (�Û6§üëêC�+)

�½1w6/M"½Âµ1wN� θ : R ×M → M,÷v
θ(0, p) = p; θ(t, θ(s, p)) = θ(s + t, p). q¡�R36/þ���
^"

Remark

I θt´1wÓ�"

I θp´:p�;�§MdØ���;�|¤"

6p���þ|

½ÂµY (p) = θ′(0), ¡�6�Ã¡�)¤�(�þ|).

Theorem
�½�Û6θ : R ×M → M,Y (p) = θ′(0)´��1w�þ|§
�θp´§�È©�"

Proof.

I Y´1w�¶Yf (p) = θ′(0)f = d
dt f ◦ (θp) = ∂

∂t f (θ(t, p)).

I È©�"�yθ′(t) = Y (θp(t))
�½q = θp(t0),�yθp ′(t0) = Vq.
θq(t) = θp(t + t0),
Vqf = θq ′(0)f = d

dt f ◦ θq = θp ′(t0)

�þ|p��ÛÜ6

Theorem (ÛÜ6§ODE½n)

?�1w�þ|Y§�3���4�ÛÜ
6θ : D ⊂ R ×M → M,§�Ã¡�)¤�´Y ,�

I θp´��4�È©�

I θt´Mt = (p : (t, p) ∈ D)þ��©Ó�"

I (θt)∗Y (p) = Y (θt(p)), ¡Y´'uθØC�"

Remark
M´;��1w6/§?�1w�þ|p����Û6"
�m�6��þ|V : R ×M → TMp��m�6�ÛÜ6"

½Â

Remark (îAp��m���ê)

�½V ,W��§DV W (p) = d
dt Wp+tV = limt→0

Wp+tV−Wp

t ;

DV W (p) = VW i (p) ∂
∂x i |p

í2�6/µWp+tV −WpÃ¿Â!!! |^�©Ó�"

Definition (�þ|�o�ê)

�½V ,W�Mþ1w�þ|§Pθ�V)¤�6§½Âo�ê

LV Wp = d
dt |t=0(θ−t)∗Wθt(p) = limt→0

(θ−t)∗Wθt (p)−Wp

t .

Remark
LV W´1w�þ|"��îAp��m���ê½Â��"



o�ê�o)Ò

Theorem
LV W = [V ,W ] = VW −WV.

Outline: V = ∂
∂x1 , θ = (x1 + t, x2, . . . , xn)

(θ−t)∗Wθt(p) = W i (x1 + t, x2, . . . , xn) ∂
∂x i

LV W = ∂W i

∂x1 (x1, x2, . . . , xn) ∂
∂x i

Proposition

I LV W = −LW V

I LV [W ,X ] = [LV W ,X ] + [W ,LV X ]

I L[V ,W ]X = LVLW X − LWLV X

I LV (fW ) = (Vf )W + f LV W
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Lecture 8: Connections and covariant derivatives
Connection

motive
definition
property
existence

Parallel translation
covariant derivatives along curves
geodesic
parallel translation

Riemannian metric
definition
examples
duality

Riemannian connection
definition
geodesic
curvature

���ê�²1£Ä

Remark

I ���êµ�½V ,W ��,

DV W (p) = d
dt Wp+tV = limt→0

Wp+tV−Wp

t ;
í2�6/µWp+tV −WpÃ¿Â!!!

I o�ê: |^�©Ó�"θ−t
∗ Wp+tV −Wp.

�ÛÜ6k'¶Ø´���ê!

I îAp��m����êµ²1£ÄTp+tV M → TpM
÷?��£Ä"

I ÿ/�µ1w���g�ê��Ikk

'¶(cos t, sin t) ∼ (1, θ);

½Â

Definition (��éäconnection)

½ÂN�∇ : T (M)× T (M) → T (M),P�(x , y) → ∇XY ,÷v

1. ∇XYéX´'u1w¼ê��5N�¶

2. ∇XYéY´'uR��5N�¶

3. ¦È{Kµ∇X (fY ) = X (f )Y + f∇XY

¡�∇XY´Y3X����C�ê"

Remark
o�êØ´éä"

éäØ´Üþ|"



�C�ê�ÛÜ5

Proposition (�C�êÛÜ5)

∇XY |pdX ,Y3p�ÛÜ�û½"= ∇XY |p = 0=
�X½Y3p:���""

Proof.
�Y3��Uþ�"¶�E�ä¼êφ�|8�¹
uU.k∇X (φY ) = 0§
∇X (φY ) = X (φ)Y + φ∇XY = 0,∇XY |p = 0.

Proposition (�C�ê��5)

�X3p:�"§∇XY |p = 0"

PROOF: ∇XY = ∇X i∂i
Y = X i∇∂i

Y |p = 0

Christoffel¼êÚ�35

Definition (ChristoffelÎÒ)

�½MþÛÜIe|Ei ,½Â∇Ei
Ej = Γk

ijEk

Γk
ij¡�éä3Ie|e�ChristoffelÎÒ"��kn3�1w¼

ê"

ÛÜL«µ ∇XY = (XY k + X iY jΓk
ij)Ek

Theorem (éä��35)

?��½1w6/Mþ�3��éä"

I îAp�éä:∇XY = XY i∂i

I ?�äk�Û�Ik�6/þ�éäÚn3�1w¼êΓk
ij��

éA"

PROOF: �Eü ©)(ψa,Ua),
½Â∇XY =

∑
a ψ

a∇a
XY ,�yÙ�éä"(¦È{K!)

Üþ|��C�ê

Definition
½Âéä∇XT s

r ∈ T s
r§÷v

I ∇X f = X (f ),

I ∇Xω(Y ) = X (ω(Y ))− ω∇XY

I ∇X (T ⊗ S) = ∇XT ⊗ S + T ⊗∇XT

ÛÜL« ∇Xω = (X i∂iωk − X iωjΓ
k
ij)dxk .

Definition (��C�ê)

½Â:∇ : T s
r (M)× T (M) → C∞(M), ∇(T ,X ) = ∇XT,∇T¡�

��C�ê§�´��(s + 1, r)�Üþ|"

?�¼êf ,< ∇f ,X >= ∇X f =< df ,X >,
�CHessian: ∇∇f (X ,Y ) = Y (X (f ))− (∇Y X )f

÷���C�ê

Remark (÷���þ|)

�½�r : I → M, ÷���þ|Vr : I → TM§÷
vVr (t) ∈ Tr(t)M. r ′(t)´��"
AO�½�þ|V : M → TM,�½ÂVr = V ◦ r . V¡�Vr��

*¿�þ|"

Theorem (÷���C�ê)

�½∇�Mþéä§é?�1w�r , û½������ê�
fDt : Vr → Vr . ÷v

I �5¶Dt(aVr + bWr ) = aDtVr + bDtWr

I ¦È{K: Dt(fVr ) = f ′(t)Vr + fDtVr

I XJ�3�±*¿��þ|V ,DtVr = ∇r ′(t)V .

¡DtVr�Vr÷r��C�ê"



ÿ/�

Definition (ÿ/�)

1w�r¡�ÿ/�('uéä∇)§XJDtr
′ = 0

Theorem (ÿ/��3��5½n)

�½6/M9éä∇, ?�:p ∈ M,?���þVp ∈ TpM, �3
���^ÿ/�r : I → M ÷vr(0) = p, r ′(0) = Vp.

Outline: �ÑÛÜ�Ik,r(t) = (x1(t), . . . , xn(t)), V (t) = V i∂i

ÛÜL«DtV = V̇ i∂i + V i∇r ′∂i

ÿ/��§ẍk(t) + ẋ i (t)ẋ j(t)Γk
ij(x(t)) = 0

ODE��3��½n�y"
AO: îAp��m�ÿ/�´��"

²1£Ä

Remark (��²1�þ|)

XJDtV ≡ 0,¡V÷r²1"AOk6/þ�²1�þ|§÷
v∇V ≡ 0.
îAp��m²1�þ|÷vµ�I�~ê"

Theorem (�þ�²1£Ä)

�½�r : I → M,?�p ∈ M,Vp ∈ Tp(M),�3���÷r�²
1�þ| V§÷vV (0) = Vp.

Outline: ��3���Ik�¹�Ü�¶�§�
V̇ k + V i ṙ jΓk

ij = 0;

�5ODE�§|�)´�Û�3���§¤±�3���²1�
þ|"

XJ==kÛÜ�Ik§�±Øäò������²1�þ|"

Remark
�½�r§�½Â��mÓ�µP0t : TpM → Tr(t)M¶

AODtVp = limt→0
P−1

0t V (t)−Vp

t

iùÝþ

Definition
�½1w6/M§g´þ¡����½é¡��g�CÜþ|(�
g/ª), ¡���iùÝþ"÷v

I g(X ,Y ) = g(Y ,X )

I g(X ,X ) > 0

¡(M, g)´iù6/"{P�〈X ,Y 〉g .
ÛÜ�IL« g = gijdx i ⊗ dx j , dé¡5�{P�
g = gijdx idx j"

Proposition

I gD���m���È"�±½Â�Ý|X |2 = 〈X ,X 〉§��
þY�, ��Ä"

I iù6/þ�3ÛÜ��Ie|¶(Gram-Schmidt �{)

iù�å"�3�©Ó�F : M → N, ¦�F ∗gN = gM .¡M,N�
å�§ iùAÛïÄ�åC�e�ØCþ"

~f

EXAMPLE (îAp��m)

g = δijdx idx j =
∑

i d(x i )
2
,

��4�IC

�:g = dx2 + dy2 = d(r cos θ)2 + d(r sin θ)2 = dr2 + r2dθ2.

EXAMPLE (iùf6/)

�E\f6/i : M → Rn,½Âp�Ýþ
gM(X ,Y ) = i∗g(X ,Y ) = g(i∗X , i∗Y ) = g(X ,Y ). 5
¿X ,Y´Mþ��þ"
¥¡�p�Ýþǧ = g |Sn .

EXAMPLE (ã6/)

�½N�f : U ∈ Rn → R, ã6/Γ : F (x) = (x , f (x)) ⊂ Rn+1, p

�ÝþF ∗(g) = F ∗(
∑n+1

i (dx i )
2
) =

∑n
i (dx i )

2
+ df 2

��¥¡ÛÜL«ǧ = du2 + dv2 + (d
√

1− u2 − v2)2.



��m�{��m�p�Ó�

Definition (Ó�)

½Âµg [ : TM → T ∗M, g [(X )(Y ) = g(X ,Y )§P�X [.
g [´�5Ó�"

½Â: g] : T ∗M → TM �±þN��_N�, g](X
[) = X.

Remark
ÛÜL«X = X i∂i ,g = gijdx idx j ,
X [ = gijX

idx j ,¡��Ieü¶P�Xi = gijX
i ;

Pg ]�Ý
L«g ij = (gij)
−1, ω = ωidx i ,

ω] = g ijωi∂j ,¡��Iþ,¶ω
i = g ijωi .

±þö��±é?ÛÜþ?1"AOgradf = df ].

í2

Theorem
?�1w6/�31wÝþ"

Remark

I �iù6/µg(X ,Y )é¡�ÛÉ"

LorentzÝþµg = dx i 2 − (dt)2

I ÛÉiù6/µg½ÂuTM�f�m¶
��ØµM���k6u��ëê��þ|¶

I Finsler ÝþµF : TM → R½Â���ê(norm).
õE©Û

�'éä

Definition (Ýþ�Néä)

iù6/þ�éä÷v∇Xg(Y ,Z ) = g(∇XY ,Z ) + g(Y ,∇XZ ).
P�∇g ≡ 0.

Proposition

²1�þ|�±�È"

AO²1£Ä�Ñ��m��åC�"

Definition (é¡éä)

½Âéä�LÜþµτ(X ,Y ) = ∇XY −∇Y X − [X ,Y ].
XJτ ≡ 0,¡éä�é¡�½ÃL�"

ÛÜL«: T k
ij = (Γk

ij − Γk
ji )∂k ⊗ dx i ⊗ dx j

�duΓk
ij = Γk

ji .

iùéä��3��

Theorem
?�1wiù6/þ�3�����Ýþ�N�é¡�éä"¡

Ù�iùéä"½Levi-Civitaéä"

Proof.
éä�L«µ|^X 〈Y ,Z 〉 = 〈∇XY ,Z 〉+ 〈Y ,∇XZ 〉;
∇XY −∇Y X = [X ,Y ], ��
〈∇XY ,Z 〉 =
1
2 (X 〈Y ,Z 〉+ Y 〈Z ,X 〉 − Z 〈X ,Y 〉 − 〈Y , [X ,Z ]〉 − 〈Z , [Y ,X ]〉+ 〈X , [Z ,Y ]〉)
��5µ Ï�±þ�ªm>Ø�6uéä"

�35µ ÛÜL«µgij = 〈Ei ,Ej〉,∇Ei
Ej = Γk

ijEk , �IÄL«

o)Ò�""

Γl
ijglm = 1

2(∂igjm + ∂jgim − ∂mgij) ;

Γk
ij = 1

2gkm(∂igjm + ∂jgim − ∂mgij)

N´k±þúª�Eiùéä"



ÿ/�

ÿ/�ÛÜ�3��½n"

Definition (�êN�EXP)

½Â��þ8Üε = V ∈ TpM,÷v�3ÿ/
�rV : [0, 1] → M,r ′(0) = V .
½Âµ�êN�Exp : ε→ M,Exp(V ) = rV (1).

?�:�3�5��§¦�Exp´�©Ó�"éAk�5�Ik"

Definition (��Ý)

1w�r : I → M§½Â L(r) =
∫ b
a |r

′(t)|dt����Ý"
�Ñ6/þ���ål¼

ê:d(x , y) = minr L(r) : r(0) = x , r(1) = y.

I ?�iù6/dål¼ê½Â¤�Ýþ�m"

I ü:m�á�´ÿ/�"

I ÿ/�´ÛÜ�á�"

Ç

6/�AÛ/Gµ

Definition (ÇÜþ)

½Â: R : T M × T M × T M → T M, ÷v
R(X ,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X ,Y ]Z.
5¿µk�Ö�½Â�±þ�KÒ"

Remark

I R´(1, 3).Üþ"AO�±½Â(0, 4).Üþ
R(x , y , z ,w) = 〈R(X ,Y )Z ,W 〉.¡�iùÇÜþ"

I �¡Ç:sec(X ,Y ) = R(X ,Y ,X ,Y ),��û½iùÇÜ
þ

I RicciÇµRic(X ) =
∑

Yj
sec(X ,Yj)

I êþÇµScal(p) =
∑

X Ric(X ) = 2
∑

X

∑
Y sec(X ,Y ).

Çû½6/�ÿÀ(�§iùAÛ�Ì�SN"
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Lecture 9: Differential forms and volume

Differential forms
motive
definition
property
base

wedge product
definition
exterior algebra
differential forms

exterior derivatives
definition
examples

operators in tensor fields
Interior multiplication
Lie derivatives

È©�NÈ

Remark

I È©�½Âµ I =
∫
Ω f (p)dVp;

í2�6/µf ,dvp?

I �IC�µI =
∫
U=ψ−1(Ω) f (ψ(y))d(ψ(Vy )),

í2�6/µd(ψ(Vy )) = detψdVy?

I 1�ªµ�é¡�n��CÜþ!

I �È©:
∫
r ω =

∫ b
a r∗ω =

∫ b
a ω(r ′(t))dt

I �È©�ëêzC�úªµ
∫
r ω = ±

∫
r̂ω

È©�� → 6/�½�!

½Â
�½n��5�mV ,Ùþ�k��CÜþ´Vþ��k�5¼
ê"P�T k(V ),§´�5�m, �ê�nk , Ä�dx i1 ⊗ . . . dx ik .
T´©g�ê"

Definition (k-{�þ)

½Â�5�mV ,Ùþ��é¡�k��CÜþ��OÜþ½k�
{�þ¶ XJ÷vT (X1, . . . ,Xi , . . . ,Xj , . . . ,Xk) =
−T (X1, . . . ,Xj , . . . ,Xi , . . . ,Xk).
�5�mVþ��é¡k�5¼êq¡�	/ª(forms).P
�Λk(V ).

Pσ ∈ S(k)´k���+���"sgn(σ)���Ûó"

Proposition (�d½Â)

1. T´�é¡�CÜþ¶

2. T (Xσ1 , . . . ,Xσk
) = (sgnσ)T (X1, . . . ,Xk)

3. ?¿ü�gCþ�Ó§KT���""(½�5�'�gC
þ�Üþ��0).



�OÜþ�~f

EXAMPLE ($�)

k = 0,ê¶
k = 1,?��C1�Üþ¶
k = 2, A(X ,Y ) = 0.5(T (X ,Y )− T (Y ,X )).

Definition (�é¡�f)

½ÂAlt : T k(V ) → Λk(V ),
Alt(T ) = 1

k!

∑
σ∈Sk

(sgnσ)T σ.

Proposition

Alt(T )´�é¡�§�Alt(T ) = T��=�T´�é¡�"

	/ª�m

P�I8I = (i1, . . . , ik),��σ�^kIσ = (iσ(1), . . . , iσ(k)).

Definition (Ä�	/ª)

�½VþÄEi ,éóÄδ
i , ½Âk/

ªµAI (X1, . . . ,Xk) = det(δj(Xi )) = detX .
Ù¥Ý
X i

j�Xi3ÄEje��I. ¡�k�Ä�/ª¶ AO

kAI = sgn(σ)AIσ .

~XµR3�m, A13(X ,Y ) = X 1Y 3 − Y 1X 3

A123(X ,Y ,Z ) = det(X ,Y ,Z ).

Theorem (	/ª�m�Ä)

Λk(V )´��(n, k)���5�m"Ù¥Ä�AI , I�4O�k�I
8"AOk > n,Λk(V ) = 0"

y²

Proof.
AI´�5Ã'¶

∑
TIA

I = 0,?¿�^u�|fÄEjk ,��TJ=0;
AI�5|Ü´÷�"?¿T ∈ Λk(V ), TI = T (Ei1 , . . . ,Eik ). �±
y² T = TIA

I .

Corollary

ng/ªω3�5C�ek
ω(BX1, . . . ,BXn) = detBω(X1, . . . ,Xn).

�©/ª�	È

ÜþÈµT ⊗ S(X i ,Y j) = T (X i )S(Y j), ÛÜL«dx i ⊗ dy j¶

é¡Üþ:ST = Sym(S ⊗ T ), dudv = 0.5(du ⊗ dv + dv ⊗ du)

Definition (	È)

®�ω ∈ Λk(V ),η ∈ Λl(V ) ½Â	È ω ∧ η = (k+l)!
k!l! Alt(ω ⊗ η).

Proposition

�½Ä�/ªAI ,AJ ,AI ∧ AJ = A(I ,J).

proof P�IP = (p1, . . . , pk+l),

�yµAI ∧ AJ(Ep1 , . . . ,Epk+l
) = A(I ,J)(Ep1 , . . . ,Epk+l

)

1. XJP�¹Ø3I , J��I§½ökE�I§�ªü>�
""

2. XJP = (I , J),m>�1.�>k

left = (k+l)!
k!l! Alt(AI ⊗ AJ) = 1

k!l!

∑
σ sgn(σ)AI (Eσik )A

J(Eσjl )
left = AltAI (Eik )AltAJ(Ejl ) = 1.

3. XJP = σ(I , J),Óþ"



	�ê

Proposition (	È�5�)

I V�5

I (ÜÆ ω ∧ (η ∧ ξ) = (ω ∧ η) ∧ ξ
I ���Æω ∧ η = (−1)klη ∧ ω
I ÄL« AI = δi1 ∧ · · · ∧ δik
��kω1 ∧ . . . ωk(X1 . . .Xk) = det(W i (Xk)).

Theorem
½ÂΛ∗(V ) =

⊕n
k=0 Λk(V ),Λ∗(V )3	Èe´������©g

�ê"¡�	�ê"

�±k	È�Ù¦½Âµω ∧ η = Alt(ω ⊗ η), O�Ø�B"

�©/ª

Definition (�©/ª)

PΛkM =
∐

p Λk(TpM)��þm§ ¡Ù?��¡���k��©

/ª"¤k�©/ªP�Ak(M).
aqkA(M) =

⊕
k Ak(M)���	�ê"

ÛÜ�IL«w = wIdx i1 ∧ · · · ∧ dx ik = ωIdx I

Proposition

1wN�F : M → N§p�N�F ∗ : A(N) → A(M). k

I F ∗´�5�¶

I F ∗(ω ∧ η) = (F ∗ω) ∧ (F ∗η)

I ÛÜ�IF ∗(wIdy I ) =
∑

(ωI ◦ F )d(Y I ◦ F )

I ng/ª��IC�dy1 ∧ · · · ∧ dyn = det(∂y j

∂x i )dx1 ∧ · · · ∧ dxn.

�©�f

Remark

I T�/ªµω = df ,
∫
r ω = f (r(b))− f (r(a))

I 7�^�∂wi

∂x j =
∂wj

∂x i

I dω =
∑

(∂wi

∂x j −
∂wj

∂x i )dx i ∧ dx j = 0 ¡�4/ª"

I í2�?�/ªº

	�©½Â

Definition (	�©)

|^¼ê��©�fdf , �±½Â�©�
fd : Ak(M) → Ak+1(M)§
dω = d(

∑′
I ωIdx I ) =

∑′
I dωI ∧ dx I .

¡�	�©¶dω¡�	�ê"

Theorem (	�ê�3��)

?�1w6/þ�3�����5N�d : Ak(M) → Ak+1(M)§
÷v

1. é1w¼êdf (X ) = Xf

2. ��fµω ∈ Ak(M), d(ω ∧ η) = dω ∧ η + (−1)kω ∧ η
3. d ◦ d = 0.

.
AO§´ÛÜ�fd(ωU) = (dω)U , ÙÛÜ�IL«Xþ"



	�©�35y²

Proof.
b�Mk���Û�Ik"�35µ�Ñd�ÛÜ�I½ÂX
c"

I �5´�¶ �d(fdx I ) = df ∧ dx I .

I ��f:ω = fdx I , η = gdxJ ,
d(ω ∧ η) = d(fgdx I ∧ dxJ) = d(fg) ∧ dx I ∧ dxJ

I d ◦ d = 0, éf�y§?�d(dω) = d(dwI ∧ dx I ) = 0.

��5µ|^¼ê��©½Â���5"

���/µÛÜ�IC��y½ÂØC§�E�Û	�©¶

|^�ä¼êy²ÛÜ5¶

2é?�ÛÜÜþ|*¿��ÛÜþ|§dÛÜ��5���Û

��5"

~f�O�

EXAMPLE (R3	�©)

ω = Pdx + Qdy + Rdz;
η = adx ∧ dy + bdy ∧ dz + cdz ∧ dx

Proposition (g,5)

G ∗dω = d(G ∗ω)

Proof: �©/ªØC5µ

Proposition (1g/ª¦�(�IÃ'))

dω(X ,Y ) = X (ω(Y ))− Y (ω(X ))− ω([X ,Y ])

Proof: ω = udv ,d(udv)(X ,Y ) = XuYv − XvYu.
�±í2�p�"

S¦½ ¿

Definition (S¦)

�½X,½ÂiX : Ak(M) → Ak−1(M),¦�
iXω(Y1, . . . ,Yk−1) = ω(X ,Y1, . . . ,Yk).
qP� Xyω = iXω

Proposition (S¦5�)

I iX ◦ iX = 0;

I iX (ω ∧ η) = (iXω) ∧ η + (−1)kω ∧ (iXη).

Proof:
S¦²��"´�"

�öµk��1�ªúªdetX =
∑

(−1)i−1ωi (X1)det(Xi
1).

Xy(ω1 ∧ · · · ∧ ωk) =
∑

(−1)i−1ωi (X )(ω1 ∧ · · · ∧ ω̂i · · · ∧ ωk))
AOk = 2úª��"

o�ê�éó

o�ê½Âu��þ|µ[X ,Y ] ∈ T (M).

Theorem
�Ei�1w6/þ�ÛÜIe|§δ

i�éA�ÛÜ{Ie|"�

o�ê÷v [Ej ,Ek ] = c i
jkEi , éAk	�êdδi = −c i

jkδ
j ∧ δk .

Proposition (Üþo�ê)

I LX (S ⊗ T ) = (LXS)⊗ T + S ⊗ (LXT )

I LX (ω ∧ η) = (LXω) ∧ η + ω ∧ (LXη)

I LX (Y yω) = (LXY )yω + Y y(LXω)

outline LX (S ⊗ T ) = limt→0
θ∗t ((S⊗T )θt )−(S⊗T )θ0

t .



o�ê�O�

Proposition (O�úª)

LX (ω(Y1, . . . ,Yk)) =
LXω(Y1, . . . ,Yk) +

∑
i ω(Y1, . . . ,LXYi , . . . ,Yk)

= LXω(Y1, . . . ,Yk) =
X (ω(Y1, . . . ,Yk))−

∑
i ω(Y1, . . . ,LXYi , . . . ,Yk)

Corollary (�©�o�ê��)

LX (df ) = d(LX f )

proof: LX (df )(Y ) = YXf

~f:T = Tijdx i ⊗ dx j ,

LY T = (YTij + Tkj
∂Y k

∂x i + Tik
∂Y k

∂x j )dx i ⊗ dx j .

Cartanúª

Theorem (Cartanúª)

LXω = Xy(dω) + d(Xyω)

Corollary (	�©�o�ê��)

LX (dω) = d(LXω)

Proof: LX (dω) = d(Xydω);

½ny²µ 4í{"

0�/ª§Xy(df ) + d(Xyf ) = Xf
1�/ª§ω = udv ,LX (udv) = (Xu)dv + ud(Xv)
|^��f5�§ép�4í��"

LX (α ∧ ω) = (LXα) ∧ ω + α ∧ (LXω)
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Lecture 10: Orientation and integration

orientation
definition
property
submanifolds

integration
definition
computing
Stokes Theorems

È©��ÒNÈ

Remark

I È©�½Âµ I =
∫
Ω f (p)dVp;

í2�6/µf ,dvp?

I dvp´�é¡�n��CÜþ§=n/ª"�´�IC�
edetk�KÒ!

I )û�{µ�ýé� ½ö �Ñ6/���KÒ!

I �È©�ëêzC�úªµ
∫
r ω = ±

∫
r̂ω

È©�� → 6/�½�!

�þ�m���

R1,R2,R3���

Definition (�þ�m�½�)

�½�5�mV , ¡?�|kSÄEiÚ,�|kSÄEi´½��

N�XJ§��ÄC�Ý
�1�ª�u""

½��N�kSÄ�küa"¡��þ�m�ü�½�"

�½
�aÄ¡Ù�k��m§éA�Ä¡���Ä.(����
Ä¤"

R0, R1,R2,R3�½�"

Proposition (�d½Â)

�½�þ�mVÚÙþ���"n/ªΩ§?¿kSÄEi§÷

vΩ(E1, . . . ,En) > 0, �Ñ
V���½�"

proofµ ÄC�éA�n/ªú

ªΩ(e1, . . . , en) = detBΩ(E1, . . . ,En).
e1 ∧ . . . en�Ñ
Rn�IO½�"



6/���
?�:TpM�±�ÑÅ:�½�"

Definition (6/�½�)

��ÛÜIe|EiµXJ?�:p ∈ U, Ei (p)3TpM�Ñ�½�.
�Ñ
��m½��ëYòÿ,éA�Ik¡����Ik"
6/�½�µXJ�½Å:½��6/§3z�:���3��

���ÛÜIe|"

�½��½��6/´k�6/"6/�½�½Ø�½�"

½��N��Ikµ=�IkmLÞ¼ê�Jacobi1�ª��"

Proposition (�d½Â)

�½6/M§XJÙþ�3�x½��N��IkC
XM,KM�½�§��½�Ik����Ñ
��6/�½
�" ��§·K�¤á"

proofµ du½��N5§?�:���m�±�ÑÅ:½

�¶ÛÜIe|�3�Ñ
ëY�òÿ¶d�IkCX�Ñ6/

���½�"

��§dÛÜIe|�E�Ik§´yÙ´½��N�"

½�6/��½

Proposition (�"�©/ª)

M´�½����=�Mþ�3���"�ng�©/ªΩ"
¡�½�/ª§AO¡Ω > 0����.

proofµ �Ω 6= 0§�±�Ñ��Å:½�"?��IkU,

kΩ = fdx1 ∧ · · · ∧ dxn, UëÏ§w�f > 0½f < 0;cö��II
e|¶�ö-x1 → −x1,Ó������Ie|§lM�±½
�"

��§�E���Û�n/ª¶(ÛÜ�3);

Corollary

?¿½�6/�mf6/�½�¶½�6/�¦È6/�½�"

Proposition (²1z6/)

6/�3�Û�Ik¡��±²1z6/"§�7,�±½�"

proofµ d�ÛIe|�Ñ½�"

½�6/�~f

EXAMPLE (²1z6/)

Rn,T n,S1,S3

o+µÑ�²1z"

Ø�½�6/µMobius �"

Theorem
?�ëÏØ�½�6/�3�½��CX6/(üCX).

Definition (�½�N�)

M,N´½�1w6/§1wN�F : M → N´�½��XJ ?
�p, F∗òTpM���ÄN��TF (p)N���Ä"
F´ÛÜÓ�âk½Â"XJN��K�Ä¡��½�N�"

F : M → N´�½����=�F�Jacobi1�ª��"

f6/�½�

Definition (÷f6/��þ|)

�½S´M�E\f6/§½ÂµëYN�N : S → TM,÷v
N(p) ∈ TpM, ¡�÷S��þ|"
AO¡N�S´î��§XJNpÚTpS�5Ã'"

Theorem (�¡�½�)

M´n��½�1w6/§S��¡§N�÷S�î��þ|"
KS�3��½�¦�(E1, . . . ,En−1)���Ä��=
�(Np,E1, . . . ,En−1)�TpM���Ä"
Ω�M�½�/ª§K(NyΩ)|S´S�½�/ª"

proofµ =Iy²ω = (NyΩ)|S´½�/ª§ =�""
Sn�±½�§PN = x i∂/∂x i .¡�IO½�"����KY²8
�±½�"



�>6/�>.�þ|

Remark (Review)

�>6/:ÛÜ�IkÓ��Hn : {(x1, . . . , xn) : xn ≥ 0}mf8"
>.´n − 1�i\f6/"ÛÜ�Iφ(p) = (x1, . . . , xn−1, 0).

Definition (S��þ|)

�þ|N÷∂M�S��þ|§XJz�:pNC�3�§¦�
r(0) = p, r ′(0) = Np,�Np 6∈ Tp(∂M).
−N¡�÷∂M�	��þ|"

Proposition (�½)

I S��þ|3ÛÜ�I�L«Np = X i∂x i÷vX n > 0.

I ?�1w�>6/�3÷∂M�	��þ|"

proofµ lÛÜ�EµN = −X n∂xn�6/"

�>6/�½�

Theorem (>.�p�½�)

�½�>6/M,XJM�½�§K∂M�½�§Ùp�½�d	
��þ|û½"q¡�Stokes½�"

proof: �½Ω,NyΩp�>.�½�"

5Pµ§�	��þ|À�Ã'"

EXAMPLE
Sn��Bn�>.�½�§��IO½��Ó"

Rn−1��Hn�>.�½�§

N = −X n∂xn, Ω = dx1 ∧ · · · ∧ dxn,
NyΩ = (−1)n−1dxn(N)dx1 ∧ · · · ∧ dxn−1

=�n�óê�§�IO½��Ó"

5Pµ��XJ>.�ÛÜ�Ik�±*¿�6/þ§Ù�IN

�´�½����=� w¤´�½��"

½�iù6/

Theorem (iùNÈ/ª)

XJ(M, g)�½�§�3��½�/ª÷vΩ(E1, . . . ,En) = 1,é
?���Ie|"

¡�iùNÈ/ª§P�dVg .
ÛÜ�IdVg =

√
det(gij)dx1 ∧ · · · ∧ dxn.

proof: Ω = e1 ∧ · · · ∧ en.

��ÄC�∂x i = AE i , kdet(gij) = (detA)2,
dVg = detA∂x1 ∧ · · · ∧ ∂xn.

Theorem (�>iù6/)

?��>iù6/�3����÷∂M�ü 	�{�þ|N,
=< Np,Tp(∂M) >= 0"
�½��>iù6/�>.p�½�kdṼg = (NydVg )|∂M .

proof: ÛÜ�3§��"�´��Ä§¤±ü NÈ/ª"

î¼�m�È©

Remark (õiùÈ©)

½ÂµI : D → R, I =
∫
D fdV

�½µfk.�A�??ëY"
AOµk.ëY¼ê3k.È©�Dþ�È§XJ∂DÿÝ�
""¡��È«�"

Definition (�©/ª�È©)

�½�È«�D ⊂ Rn, ?�n/ªω = fdx1 ∧ · · · ∧ dxn, �±½Â
È©

∫
D ω =

∫
D fdv =

∫
D fdx1 . . . dxn.

I �½��m8Uþk;�|8�n/ªµ�±½Â���È
«�¶K ⊂ D ⊂ U

I È©
∫
U ω =

∫
D ω��D�À�Ã'¶

I aq�±½ÂHnþ�m8È©
∫
V ω =

∫
D∩Hn ω; ��½Â2

ÂÈ©(Ã.«�).



6/þ�È©

Proposition

�½D,E´�È«�¶?�G : D → E�1wN�§ ���
3Int(D) → Int(E )þ´�½���©Ó�§K∫
E ω =

∫
D G ∗ω (�½�Ó�\KÒ¶)

AOk�©Ó��±È©ØC"?ü�m8�½��©Ó�§

K
∫
V ω =

∫
U G ∗ω

proof:
∫
E ω =

∫
D(f ◦ G )|det(DG )|dV �©Ó��±>.Ú"ÿ

Ý8"

Definition (6/þ�ÛÜÈ©)

�k�6/þω�;�|8�¹u�����Ik(U, φ), ½Â∫
M ω =

∫
φ(U) (φ−1)∗ω.

±þ½Â����IkÀ�Ã'¶

aq�±½Â��>6/��Ikþ¶

6/þ�È©

Definition (6/þ�È©)

�(Ui , φi )CXsuppω, ψi�éA�ü ©)¶½Âω�È
©

∫
M ω =

∑
i

∫
M ψiω.

Proposition (well-defined)

±þ½Â��Ik½ü ©)�À�Ã'"

Proof.
�(Ũi , φ̃i ),�|CX§ψ̃i,�|ü ©)¶∫
M ω =

∑
i

∫
M ψiω =

∑
i ,j

∫
M ψ̃jψiω

"�6/µ
∫
M f =

∑
p ±f (p).

È©�á5

Proposition

1. �5;
∫
M aω + bη = a

∫
M ω + b

∫
M η

2. ½���µ�M̄´MD����½�§
∫
M̄ ω = −

∫
M ω

3. �K5:�ω´��n/ª§
∫
M ω > 0

4. �©Ó�ØCµF : N → M�½�Ó�§
∫
M ω =

∫
N F ∗M

Proof.

1. �©/ª��5¶

2. ���©Ó��(J¶

3. ü ©)+ÛÜ�¶

4. |^ü ©), ω =
∑
ψiω;

3ÛÜ�Ik(F−1(U), φ ◦ F )þ�yÈ©��¶

È©�O�

Proposition

-�½�6/M = ∪Ei , Ei�È«�§=3>.��¶ ��3Û

ÜëêzL«Fi : Di → M§÷v F (Di ) = Ei ,3SÜ��½�Ó
�§

K
∫
M ω =

∑
i

∫
Di

F ∗
i ω.

Outline: �ω�¹u���Ik(U, φ).
Ai = Ū ∩ Ei , Bi = F−1

i (Ai ),Ci = φ(Ai )∫
M ω =

∑
i

∫
Ci

(φ−1)∗ω =
∑

i

∫
Bi

F ∗
i ω

~fµ �½R3\{0}þ2-/ª

Ω = 1
(x2+y2+z2)3/2 (xdy ∧ dz + ydz ∧ dx + zdx ∧ dy).

�¥¡�IL«(φ, θ),¥¡dü��IkC
X"D1 = [0, π]× [0, π],D2 = [0, π]× [π, 2π]. |^ÛÜ�Ik�
�O�ü ¥¡þ�È©

∫
S2(1) Ω = 4π;



Stokes½n

Theorem
M´n�1w½��>6/§ω´;�|8�n − 1/ª§∫
M dω =

∫
∂M ω.

Proof.
�(J3M = Hn�¤á(�y)¶
XJω u���IkS§∫
M dω =

∫
Hn(φ

−1)∗dω =
∫
Hn d

(
(φ−1)∗ω

)
m>éAu

∫
∂Hn

(
(φ−1)∗ω

)
=

∫
∂M ω§Ï�φ�>.�½�¶

XJωØ´ u���IkS§∫
∂M ω =

∑
i

∫
∂M ψiω =

∑
i

∫
M d(ψiω) =

∫
M dω

HnþStokes½n�y²

Proof.
Ø��È©«����/A = [−R,R]× · · · × [−R,R]× [0,R].

ω = ωidx1 ∧ · · · ∧ d̂x i ∧ · · · ∧ dxn = ωidV i ;
dω =

∑
(−1)i−1 ∂ωi

∂x i dV∫
Hn dω = (−1)n

∫ R
−R . . .

∫ R
−R ωn(x1, . . . , xn−1, 0)dV n∫

∂Hn ω =
∑∫

A∩∂Hn ωi
ˆdV i

dxn|∂Hn = 0,
∫
∂Hn ω =

∫
A∩∂Hn ωn

ˆdV n

dV̂ n = dx1 ∧ · · · ∧ dxn−1,Ù½�Ú(Stokes)p�½��(−1)n; k∫
∂Hn ω = (−1)n

∫ R
−R . . .

∫ R
−R ωn(x1, . . . , xn−1, 0)dV n.

È©½n�í2

Remark
��Stokes ½nµ�È©

∫
r df = f (r(b))− f (r(a))

��Green½nµ
∫
D(∂P

∂x −
∂Q
∂ )dxdy =

∫
∂D Pdx + Qdy

Ã>6/½T�/ªµ
∫
M dω = 0

iù6/µ

Remark (È©í2)

I ?¿Ø�½�6/:
½Â:density�Ýµ : V × · · · × V → R,÷
vµ(x1, . . . , xn) = |ω(x1, . . . , xn)|, ω´n/ª"�½ÂÈ©¶

I 1w6/��; X��/§n�/"
�½Â��1w(�§©ãÈ©§Ó�kStokes ½n"

De RhamþÓN+

Definition
�½1w6/M,dp : Ap(M) → Ap+1(M)´�5N�
Zp(M) = ker dp, =Mþp�4/ª¶
Bp(M) = Im(dp−1),=Mþp�T�/ª¶

De RhamþÓN+(�m) Hp(M) = Zp(M)
Bp(M)

Theorem (ÓÔØC)

XJM,NÓÔ§KHp(M) = Hp(N)"
AO§�´ÿÀÓ�ØCþ"

Theorem (de Rham ½n)

Hp(M)Ú6/��ÿÀ�m�þÓN+Ó�"
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Lecture 11: Differential Operators

integration and operators
divergence theorem
surface integrals

differential operators
Hodge star operators
Harmonic forms

Four fundamental theorems

�þ|�È©º

Remark

I 6/þ�È©½Âµ
∫
M ω =

∑
i

∫
M ψiω∫

E ω =
∫
D G ∗ω

I 1w¼ê§�þ|�È©º

I Stokes½n:
∫
M dω =

∫
∂M ω.

I �þ|�	�©º

I iù6/�Ýþp��þ|Ú�©/ª�éó"

→ �E�©�f!

iù6/

I �(M, g)´n��½�6/

I Ýþp�Ó�µg [ : TM → T ∗M, g [(X )(Y ) = g(X ,Y )§P
�X [.
g](X

[) = X

I (��)iùNÈ/ªµdVg =
√

det(gij)dx1 ∧ · · · ∧ dxn

I �½��>iù6/�>.p�½�k

dṼg = (NydVg )|∂M .



ÑÝ

Definition (Hodge(�f)

�½��>iù6/½Â�5(Ó�)N�:∗ : C∞(M) → An(M),
∗f = fdVg

�±½Â¼ê�È©
∫
M f ∼=

∫
M ∗f =

∫
M fdVg .

Definition (ÑÝ)

½Â:div : T (M) → C∞(M), div X = ∗−1d(XydVg ),
=d(XydVg ) = (div X )dVg

AÛ¿Â: LXdVg = Xyd(dVg ) + d(XydVg ) = div XdVg

�þ|)¤�6θtéÈ©«�NÈVol(θt(D))�CzÇ´div X
ÛÜ�I: div(X i∂xi ) = 1√

det g
∂

∂x i (X
i
√

det g)

ÑÝ½n

Theorem (iù6/ÑÝ½n)

(M, g)þ?�;�|8��þ|X§k∫
M(div X )dVg =

∫
∂M〈X ,N〉dṼg

Proof.
|^Stokes ½n;∫
M(div x)dVg =

∫
M d(XydVg ) =

∫
∂M XydVg

iù�¡þkXydVg = 〈X ,N〉dṼg

outline: X = 〈X ,N〉N + XT ,
XTydVg (X1, . . . ,Xn−1) = dVg (XT ,X1, . . . ,Xn−1) = 0

¡È©

n = 3�iù6/
�E�5(Ó�)N�:β : T (M) → A2(M), βX = XydVg

Definition (^Ý)

½Â:curl : T (M) → T (M), curlX = β−1d(X [),
=curlXydVg = d(X [)

Definition (¡�þ|È©)

S�;����i\f6/§-dA = NydVg ;
½Â:

∫
S X ∼=

∫
S〈X ,N〉dA

¡È©�Stokes½n

Theorem∫
S〈curlX ,N〉dA =

∫
∂S〈X ,T 〉ds

Ù¥N´	{�þ|§ds�S�>.�NÈ/ª¶ T�S>.þ
�ü ����þ|"

Proof.
|^Stokes½nkµ

∫
S d(X [) =

∫
∂S X b

curlXydVg = d(X [)
X [|∂S = 〈X ,T 〉ds
�¡�§dX [ = fds, ds(T ) = 1;
f = fds(T ) = X [(T ) = 〈X ,T 〉



n�iù6/��©�f

��ãLµ

C∞(M)
grad−−−−→ T (M)

curl−−−−→ T (M)
div−−−−→ C∞(M)

Id

y [

y β

y ∗
y

A0(M)
d−−−−→ A1(M)

d−−−−→ A2(M)
d−−−−→ A3(M)

Corollary

curl ◦ grad = 0, div ◦ curl = 0

.Ê.d�fµ4f = ± div ◦ grad f
XJ�KÒ�Laplace-Beltrami(Hodge½Â)�Ó
ÛÜ�I:4f = − 1√

det g
∂

∂x i (g
ij
√

det g ∂f
∂x j )

Hodge(�f

Definition (Hodge éó)

�½�5�È�mV , ��n/ªω = e1 ∧ · · · ∧ en; ½Â�5Ó�:
∗ : Ak(V ) → An−k(V ), ∗(e1 ∧ · · · ∧ ek) = ek+1 ∧ · · · ∧ en.

Proposition

I p��ÈL« 〈ξ, η〉ω = ξ ∧ ∗η
I éó∗ ◦ ∗η = (−1)k(n−k)η

I �ÈÓ� 〈ξ, η〉 = 〈∗ξ, ∗η〉

Proposition (iù6/)

I �È
∫
M〈ξ, η〉dVg =

∫
M ξ ∧ ∗η

I ∗dVg = 1, ∗1 = dVg

I div X = ∗d ∗ X [

NÚ�f

Definition ({	�©)

½Âµδ : Ak(M) → Ak−1(M),
δ = (−1)n(k+1)+1 ∗ d∗
kδ ◦ δ = 0,
�È�Ý 〈dη, ξ〉 = 〈η, δξ〉

Definition (NÚ�f)

½ÂLaplace-Beltramiµ4 : Ak(M) → Ak(M),4 = dδ + δd

Remark
4f = − div grad f30/ªþ�c¡½Â��¶
4ω = 0¡�NÚ/ª¶
Hodge ½nµ(de Rham)þÓN+���dNÚ/ª��(½"

6/þ�È©�Ä�½n

Theorem (o�Ä�½n)

1. _¼ê½nµ�½1wN�F : M → N§3?�p�N
�F∗�V�§K�3��p ∈ U,F (p) ∈ V ,¦
�F |U : U → V´�©Ó�"¡�ÛÜ�©Ó�"

2. Stokes ½nµ
∫
M dω =

∫
∂M ω.

3. ODE�3��½nµ?�1w�þ|Y§�3���4�Û
Ü6θ : D ⊂ R ×M → M,§�Ã¡�)¤�´Y ,�

I θp´��4�È©�
I θt´Mt = (p : (t, p) ∈ D)þ��©Ó�"
I (θt)∗Y (p) = Y (θt(p)), ¡Y´'uθØC�"

4. �5PDE�3��½n(Frobenius½n)µ�L´Mþ�k�1
w©Ù(z�:´��m�f�m)¶XJ§'uLie)Òµ
4[X ,Y ] ∈ L,K�3��È©6/§�©Ù´L.
PL = span(∂y1, . . . , ∂yk).
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Lecture 12: Lie Groups

Lie group and its Lie Algebra
definition
Lie algebra
Lie group structure

Lie subgroups and representations
One parameter subgroups
exponential maps
representation

{¤5P

I Sophus Lie(1842-1899)

I 8�: í2�ê�§�³Û�L«n
Ø(��+)��©�§�ëYC�
+¶

lÑé¡ → ëYé¡
I o+µ�È©++¦{

I ÛÜ)¤+(�ê(�): o�ê©a
Chevalleyµ�ê+

I o+�^u6/µ

o+�½Â

Definition (o+)

G´����8Ü¶÷v

1. G´��¦{+¶

2. G´��n�1w6/¶

3. +$�´1wN�"=¦{$�
m : G × G → G ,m(g , h) = gh§ _$
�i : G → G , i(g) = g−1 Ñ´1wN�"

¡G´n�o+"e�ü �"

�d�O: P : G × G → G , p(g , h) = gh−11wN�¶

EXAMPLE

I (Rn,+),n���o+"

I (GL(n,R), ·), n2�o+;�±w¤n��5�m�gÓ�
+"GL(V )

5P: ÿÀ+7,�3)Û(�§l�±w¤o+"



~f

Proposition (�E)

I o+��È´o+:G = G1 × G2

I o+�¹ü ��ëÏ©|´o+"

Outline: G0´ëÏ©|§´mf6/¶�y+$�´µ4�"

EXAMPLE (�õ~f)

I 0�o+¡�lÑ+µk�½�ê���++lÑÿÀ"

I R∗ = R − {0}´�¦{��o+¶kü�©|"R+´o

+¶

aqkC ∗��o+;

I C ∗�ü �8Ü´S1µ����o+§?�Ú

T n = S1 × · · · × S1´n��+¶

I í2µH = C × C ,Q = H × HéAo�ê§l�ê�ü 
�´o+S3,S7.

o+Ó�

Definition
�½o+G ,H, N�F : G → HQ´+Ó�q´1wN�§¡F�
o+Ó�"

AOXJF´�©Ó�§¡GÚH´o+Ó�"

EXAMPLE

I i\i : S1 → C ∗;

I �êN�:exp : R → R∗, exp(t) = et ;
exp : C → C ∗, ε : R → S1, ε(t) = e2πit .

I 1�ªdet : GL(n,R) → R∗, det(AB) = det A det B.

I gÓ�:Autg : G → G ,Autg (h) = ghg−1.

Lie �ê

Proposition (£ÄÓ�)

�½G, ?���g, ½Â:Lg : G → G , Lg (h) = gh,
Rg : G → G ,Rg (h) = hg, �A�¡��§m£Ä"
§�´�©Ó�! AO?¿ü:p, q,�3�©Ó�N�p�q.

�©Ó�p���mÓ�"

Definition (�ØC�þ|)

½Â:X ∈ T (G )÷v¶
(Lg )∗Xh = Xgh§(Lg )∗X = X

Proposition

o+�¤k�ØC�þ|´��o�ê"= T (G )����5f
�m§�éo)Ò�4"P�Lie(G ).

proof: �5w,¶éo)Ò

k(Lg )∗[X ,Y ] = [(Lg )∗X , (Lg )∗Y ] = [X ,Y ]

o+�o�ê=ü ���m

Theorem (Ó�½n)

½ÂN�F : Lie(G ) → Te(G ),F (X ) = Xe´�5Ó�§

=Lie(G )´n��5�m"

Proof.

I �½�þV ∈ Te(G ), ½Â�ØC�þ| Ṽg = (Lg )∗V .
�y1w5¶?¿f , Ṽ (f )1w¶
Ṽ (f )(g) = Ṽg (f ) = ((Lg )∗V )f = V (f ◦ g) = r ′(0)(f ◦ g)
�ØCµ(Lh)∗Ṽg = (Lh)∗(Lg )∗V = (Lhg )∗V = Ṽhg .

I Ó�: �E_N�τ : V → Ṽ .
�yÙ�_"τ ◦ F (X )|g = τ(Xe)|g = X̃e |g = (Lg )∗Xe = Xg

F (τ(V )) = F (Ṽ ) = (Ṽ )e = (Le)∗V = V



o�ê~f

EXAMPLE

I Rn, Lie(Rn) = Rn�£Ä:Lbx = b + x, �ØC�þ
|V i∂/∂x i=�Vi�~ê¶Ó�§´���"

I S1§Lie(S1) = R1,�£Ä:Lbθ = b + θ, d/dθ´�ØC�þ
|"

I Lie(GL(n,R)) = gl(n,R),Ù¥gl(n,R)´Ý

±[A,B] = AB − BA�o�ê��5�m"

½Â:o�êÓ�µ�5N�A : g → h÷v
A([X ,Y ]) = [A(X ),A(Y )].

Theorem (p�o�êÓ�)

�½o+9Ùo�êG ,H, Lie(G ), Lie(H);XJF : G → H´o+
Ó�§K F∗ : Lie(G ) → Lie(H)´o�êÓ�"AOÓ��o+
kÓ��o�ê"

Outline: �EF�'�þ|Y ,Ye = F∗Xe . |
^F ◦ Lg = (LF (g) ◦ F .

�ÛIe|

Proposition

o+�3���ÛIe|"=dTe(G )�n��5Ã'�þ)¤
��ØC�þ||¤"

Corollary

�o+G�Ie|�{Xi},K?��ØC�þ|´{Xi}�~Xê�
5|Ü"

Proof: ��ØCX = aiXi ;
X (g) = (Lg )∗(X (e)) = ai (e)(Lg )∗(Xi (e)) = ai (e)Xi (g),=XêØ
C"

Corollary ((�~ê)

�o+G�Ie|�{Xi},K�3~êC k
ij ,÷v[Xi ,Xj ] = C k

ij Xk .

¡�o+�(�~ê"�÷vÜþC�5Æ"

o+�È©

Remark
o+´�½�6/"d�ÛIe|û½"

Theorem (HarrÈ©)

?�;�o+�3�����ØC�½�/ªΩ, ÷v
∫
G Ω = 1

Proof.
�Ei��ØCIe|¶ Ø��Ù����Ie|"

éó{Ie|�δi , -Ω = δ1 ∧ · · · ∧ δn,
Ù��ØC�"AOG;�§

∫
G Ω = ck�ê,- Ω0 = Ω/c ,�

�
∫
G Ω0 = 1.

¡Ù�HarrNÈ/ª§aq�½Â¼ê�HarrÈ©"

�ØC�þ|�6

Definition (Integral curves)

�½1w�r : I → M§6/þ1w��þ|Y : M → TM§
¡r´Y��^È©�§XJr ′(t) = Y (r(t)), t ∈ I .

Definition (Global flow)

�½Mþ1w��þ|Y ,?�:�3����È©
�θp : R → M. θ′(t) = Y (θp(t)).
½Âµθt : M → M; θt(p) = θp(t), �ÑM���Ó�"

Proposition

�£ÄÚ6�±��µLg ◦ θt = θt ◦ Lg

Outline: (Lg )∗Xθt = XLgθt



�ØC�þ|éA��Û6

Proposition

o+G�?��ØC�þ|X ∈ Lie(G )�3�Û6θ" AOz�
È©�½Â3��þ"

Proof.

I �½g ∈ G§b�θg�4�È©�½Âu(a, b), Ø�
�b < ∞§ í�gñ!

I ½Âü �e�ÛÜ6θe½Âu(−δ, δ).�c > b − δ,
|^�£Ä�E#�È©�: r(t) : (a, c + δ) → G ,

r(t) =

{
θg (t) t ∈ (a, b)

Lθg (c)θ
e(t − c) t ∈ (c − δ, c + δ)

I well-defined: �£ÄÚ6��"

I r(t)´È©�"t ∈ (c − δ, c + δ),
r ′(t) = (Lθg (c))∗Xθe(t−c) = Xr(t) gñ!

üëêf+

Definition (üëêf+)

F : R → G´o+Ó�§¡Ù���üëêf+§ AO§��´
��of+"

~f: �ØC�þ|)¤�θe . θe(s)θe(t) = θe(s + t)

Theorem
o+�¤küëêf+8Ü�Ùo�êLie(G )9TeG��éA"
=?�üëêf+dTeGþ���þ)¤��ØC�þ|û½"

Proof.
�½F : R → G ,½ÂX = F∗(d/dt).
do+p��o�êÓ� F∗(d/dt) ∈ Lie(G ),d/dtw�Rþ��
ØC�þ|"

F´X�È©�§F ′(t0) = F∗(d/dt)|t=t0 = Xt0 .

�êN�

EXAMPLE (�ê¼ê)

exp : R → R∗, exp(t) = et ;
ε : R → C ∗, ε(t) = e2πit .

EXAMPLE (���5+)

exp : R → GL(n,R), exp(tA) = etA =
∑ tnAn

n! ;
Ù¥A ∈ gl(n,R).
�y:?êÂñ§÷vÈ©�§F ′(t) = F (t)A, 1w¶ etA�_.

Definition
½Â:exp : Lie(G ) → G, ?�X ∈ Lie(G ),θe´X)¤�üëêf
+§ k

exp(X ) = θe(1).

Remark: exp´1wN�"|^ODE�(J"

�êN��5�

Proposition ()¤üëêf+)

�½X, -F : R → G ,F (t) = exp(tX ),
KF´��üëêf+" AOkexp(s + t)X = exp sX exp tX .

Outline: exp tX = θe
tX (1) = θe

X (t)

Proposition (ÛÜ�©Ó�)

�êN�p�N�exp∗ : Te(Te(G )) → TeG´�ÓN�Id§AO
exp : TeG → G´ÛÜ�©Ó�"

Proof: ?�X ,½Â1w�r : R → TeG , r(t) = tX ,
exp∗ X = exp∗ r ′(0) = (exp ◦r)′(0) = d

dt exp(tX ) = X .
AOk_¼ê½n§��ÛÜ�©Ó�"



�êN��5�

Proposition (�ØC�þ|�6)

?�X ∈ Lie(G ),θ´Ù)¤�6§
kθt = Rexp(tX )

proof: Rexp(tX )(g) = g exp tX = Lg (exp tX ) = Lg (θt(e)) =

(θt)Lge = θtg

Proposition (��ãL)

?¿F : G → H, kF∗ : TeG → TeH, exp ◦F∗ = F ◦ exp.

Outline: exp(tF∗X ) = F (exp tX )

½Â

Definition (o+�L«)

�V´n��þ�m(½E�m), �5Ó�
+GL(V ) ∼= GL(n,R)(GL(n,C ). ?�o+Ó�:ρ : G → GL(V ),¡
� G���L«(½EL«). V�L«�m"

Definition (o�ê�L«)

�V´n��þ�m(½E�m), o�êgl(V ) ∼= gl(n,R)(gl(n,C ).
?�o�êÓ�τ : ð → gl(V )¡�o�ê���L«"

Definition (��L«)

o+Ó�µadg : G → G , adg (h) = ghg−1. A
O(adg )∗ : TeG → TeG,�±w¤�þ�m��5Ó�GL(TeG ),
¡Ad : G → GL(TeG )�o+G���L«"

��L«

Theorem
Ad : G → GL(TeG )�o+Ó�"

Outline: Ad´+Ó�"d�N��EÜ"
Ad´1w�"d¦{�1w5"

Definition (o�ê���L«)

Po+Ó�Ad : G → GL(TeG )p��o�êÓ�
�ad : Te(G ) → gl(TeG ).

Proposition

I ad(X )Y = [X ,Y ];

I Ad(exp(X )) = exp(ad(X ))

Ì�(J

Theorem (4f+)

?�o+G�4f+´§�of+"

Theorem (f�êéAf+)

�h̃�TeG�of�ê§�3���ëÏf+H < G�o�ê
�h̃.

Theorem (Sophus LieÄ�½n)

üëÏ�o+Ó���=�K8kÓ��o�ê"

Theorem (Ado½n)

z�k��o�ê�3��§¢�k��L«"

Theorem (o+Úo�ê���éA)

éuüëÏ�o+§o+Ó���daÚk��o�êÓ���

da��éA"
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Lecture 13: Lie Transformation Groups

Definitions

Lie group actions

Homogeneous spaces

+�^

Definition (+�^)

�G´��+§M´��8Ü§½Â+G(�)�^3Mþ���
N�ρ : G ×M → M, P�ρ(g , p) = g · p, ÷v

I EÜ�^ g1 · (g2 · p) = (g1g2) · p
I ü �^ e · p = p

Remark

I aq�±½Âm�^"

�m�^���^��éA"g · p ∼= p · g−1

I ��Pg · p = ρg (p),ρg´8ÜM�g����N�"
N´`²ρg ∈ S(M), S(M)´M���+"
�ρ : G → S(M), g → ρg´��+Ó�"

+�^~f

Remark

I �½p,¡T = {g · p; g ∈ G}�+�^���;�¶
I ½zf(isotropy group��+):Gp = {g : g · p = p}.

EXAMPLE
f+H�^3+Gþ§ρ : H × G → G : ρ(h, g) = hg,+�^=+
�¦{"

;�:m�8Hg
AOH´�5f+§�8k+(�§P�G/Hµû+"



o+�^u1w6/

Definition (o+�^)

G´��o+¶M´��1w6/§½Âo+G(�)�^3Mþ
=´��+�^§q´��1wN�"

¡�G�^�6/M¡���G�m"��P�θ : G ×M → M

Proposition

θg´�©Ó�, θ : G → Diff (M)´��+Ó�"

Definition

I +�^´�[�transitive¶ XJ?¿p, q§�3g · p = q.=
�k��;�"

I +�^´gd�(ÃØÄ:)¶XJ�kü �÷vgp = p,=
?�:���+´²��"Gp = e.

~f

EXAMPLE (Ä�~f)

I R�^uM: üëêC�
+θ : R ×M → M, θtθs(p) = θs+t(p);
�½p§´�^È©�¶

I G = GL(n)�^u�þ�mV§ ρ : G × V → V , ρA(v) = Av.
kü�;�0,V − {0}.

I G�^�g�µ�£Ä§m£ÄLg ,Rg , �^´gd§�[
�¶

SgÓ�:Ch · g = hgh−1;

EXAMPLE (�õ~f)

I ²��^:θg (p) = p,=Gp = G.

I o+L«:ρ : G → GL(V ),
½Â�5�^ρ : G × V → V , gv = ρ(g)v.

I ��C�+O(n)�^uRn;
;�:�:§¤k�±¶

üëêC�+

�½o+G�^uM, ?�X ∈ TeG ,�êN���üëêf
+θX (t) = exp(tX )p�µ
��üëêC�+�^uM, θ : R ×M → M.
XéAk�ØC�þ|§?�:p, �3È©
�r(t) = θX (t, p)§½Â X̃p = r ′(0). p����þ|"

Definition (Ä��þ|)

?�X ∈ TeGû½�üëêC�+θX (t) = exp(tX ); p��
�Mþ���þ|X̃"¡�X3Mþû½���Ä��þ|"
{¤þ¡���Ã¡�C�"

AO�G��^�gC�§ p�Ä��þ|´mØC�þ
|"�ØC�þ|)¤�6´mØC�"θX ◦ Rg = RgθX .

I Mþ�Ä��þ|´��o�ê¶AO§´TeG���Ó�
�"

I AO�+�^´k��¶p���o�êÓ�"

+�^k�§?�g 6= e, �3g · x 6= x .=ρg�ðÓN�¶

=G → Diff (M)´üÓ�"

;��m

Remark
;��8ÜP�M/G; ½ÂûÿÀp ∼ q, XJ�3g · p = q. ¡
�;��m"

Theorem (û6/)

�o+Ggd�K�^u6/M, KM/G´��dimM − dimG�
�1w6/§�ûN� π : M → M/G´1wìvN�"

Theorem
�H´o+G�4�5f+§ KG/H´��o+"



à5�m

Definition
M´1w6/§XJ�3o+G�[��^uM,¡M´��à5
�m"

EXAMPLE

I O(n)�[�^uSn−1, aqSO(n)�^uSn−1.

I îAp�+�^uRnµ

E (n) =

(
A b
0 1

)
,A ∈ O(n), b ∈ Rn

¡Rn�à5î¼�m"

I SL(2,R)�^uþ��mH2,�ÑMobiusC�"(
a b
c d

)
z = az+b

cz+d

à5�m(�

Theorem
�M´Gà5�m§?�p,H = Gp = {g : gp = p}´Ù��+,
KMÚG/H�©Ó�"

Proof.

I �yH´�5f+¶

I ½ÂN�φ : G/H → M, φ(gH) = gp. �yφ´Ó�"

Corollary

Sn−1 ∼= O(n)/O(n − 1) ∼= SO(n)/SO(n − 1);
Rn ∼= E (n)/O(n),
H2 = SL(2,R)/SO(2).
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EXERCISE ONE

3/11�,�" 5(***)Ü©´À�.

1. y²µRn¥�;�8´k.48"

2. y²µn��5�m�éó�m�éó�mÓ��§g�"((En)∗)∗ ∼= En

3. �f : Rn → R´mgàg¼ê§=f(tX) = tmf(X).ef��§y²µ

mf(X) =
n∑

i=1

xiDif(X)

4. rn×nÝ
�z��w¤Rn¥����a,�±ò1�ªdetw¤Rn×Rn×
Rn · · · ×Rn → R���¼ê"y²µ

(a) det ´��n�5¼ê"

(b) (***)det ��"

(c) �©�D(det)(a1, a2, . . . , an)(x1, x2, . . . , xn) =
n∑

i=1

det(a1, . . . , xi, . . . , an)

5. (äk;|8�Ã¡��¼ê)� f : R → R ÷v

f(x) =

{
e−(x−1)−2

e−(x+1)−2 −1 < x1
0 others

(1)

(a) �

g(x) =

{
e−x−2

x 6= 0
0 x = 0

(2)

y²g(x)´��c∞¼ê"?

f(x) ´��c∞¼ê"

(b) y²?�ε > 0�3��1w¼ê

hε(x) =


1 x ≥ ε

≥ 0,≤ 1 0 < x < ε

0 x ≤ 0
(3)

6. (***)�Ñ���ê�½Â"y²Ù÷v�5$�{KÚ¦È�4ÙZ]
{K"
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EXERCISE TWO

3/25�,�" 5(***)Ü©´À�.

1. �E��/�>�ü ��Ó�N�"`²§´Ä´�©Ó�"

2. �½Sn´ü n�¥,N = (0, 0, . . . , 1)´�4.½Â¥4ÝKσ : Sn − N →
Rn, Ù¥ σ(x1, x2, . . . , xn+1) = (x1,x2,...,xn)

1−xn+1

PS = −N�H4§½Âσt = −σ(−x), x ∈ Sn − S.

(a) y²: σ ´V�"

(b) y²: σ, σt �Ñ
���©(�"¿�§�²¡Ý�����©(
�´���"

(c) ½Âé»N�α(x) = −x,�Ñα3¥4ÝK�IkeL«§y²α´
��1wÓ�"

3. y²n�1w6/�mf8´1w6/"`²M×NÝ
¥rank = min(m,n)�
Ý
´��1w6/"

4. y²1wN��EÜ�´1wN�"¿y²éA��N�Ú{�N��
úª"

5. �M,N´1w6/,MëÏ,y²F : M → N´~�N���=�DF3z
�:´"N�"

6. y²:

(a) eMÚN�©Ó�§y²§���ê�Ó"

(b) �M´;�1w6/,y²Ø�3f : M → Rk�ìvN�.

7. y²±e6/´ü�E\f6/�Ø´i\f6/"

(a) γ : (−π/2, 3π/2)→ R2, r(t) = (sin 2t, cos t)

(b) γR → T 2 = S1 × S1 ⊂ C2, r(t) = (e2πit, e2πict),Ù¥c�Ãnê"

8. ½ÂY²8f : R2 → R, f(x, y) = c

(a) f(x, y) = x3 + xy + y3, `²@
Y²8´i\f6/"

(b) f(x, y) = x3 − y2,`²f(x, y) = 0Ø´i\f6/"�Ä´E\f6
/Qº

9. ***`²ü ��þkÃ¡õ��©(�"

10. *** y²:1w6/þ�:?���þ�3T:?*d���1w�8
Ü´��éA�"
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EXERCISE THREE

4/8�,�" 5(***)Ü©´À�.

1. y²µõ�5¼ê�ÜþÈ÷v(ÜÆÚ©�Æ"

2. �f : V → V´�5�mþ��5C�"

(a) `²f��éA�Vþ�(1, 1).Üþ;

(b) �Ñ(1, 1).Üþ�ÄC�úªÚ�IC�úª;

(c) y²:KroneckÎÒδj
i´��(1, 1).Üþ��IL«.�Ñù�Üþ"

3. (²�m)y²µ

(a) TRn�©Ó��R2n.

(b) XJTM´²�m§T ∗M�´²�m.

4. ef : M → N´1wN�,y²:F ∗ : T ∗N → T ∗M´1wN�"`²§�
´��mN�, ∗�Ñ
��1w6/�1w�þm��C¼f.

5. (F-�'�þ|)

(a) �½F : R → R2, F (t) = (cos t, sin t),y² d
dtéA�F-�'�þ|

´Z = x ∂
∂y − y ∂

∂x .

(b) �½F : R → R,F (t) = t2,y² d
dtØ�3F-�'�þ|"

(c) XJF´1wÓ�,K?��þ|�3��F-�'�þ|. (***^��
±~f�ÛÜÓ�,(Ø�¤á.)

6. (Lie Bracket) �½R3þ��þ|V = x ∂
∂y − y ∂

∂x ,W = y ∂
∂z − z ∂

∂y , U =
x ∂

∂y + y ∂
∂x§O�[V,W ], [W,U ], [U, V ],¿�yJacobið�ª"

7. ½Âf : R3 → R, f(x, y, z) = x2 + y2 + z2.½ÂF : R2 → R3, F (u, v) =(
2u

u2+v2+1 , 2v
u2+v2+1 , u2+v2−1

u2+v2+1

)
. O�d(f ◦ F )ÚF ∗df ,�y§���"

8. �½±ef : M → R§O�df§(½÷vdfp = 0�:8"

(a) M = {(x, y) ∈ R2 : x > 0}; f(x, y) = x
x2+y2 .¦^IO�Ik"

(b) M = Rn; f(x) = |x|2.¦^IO�Ik"
(c) M = S2, f(p) = z(p),p´¥¡þ�:§z(p)�Ùz�I.¦^¥4ÝK
�I"
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EXERCISE FOUR

4/22�,�" 5(***)Ü©´À�.

1. �V = x ∂
∂y − y ∂

∂x , W = x ∂
∂x + y ∂

∂y , V,W ∈ T (R2)´�þ|"

(a) O�V,W)¤�6θV , θW

(b) O�LV W

(c) *** �E�IX(u1, u2)§¦�V = ∂
∂u1

,W = ∂
∂u2

.

2. �θ(t, x, y) = (xeat, yebt),Ù¥a, b´~ê§y²µ θ´�Û6"¦Ñ§�
p��þ|"

3. (o�ê)y²µ

(a) LV [W,X] = [LV W,X] + [W,LV X]

(b) L[V,W ]X = LV LW X − LWLV X

(c) LV (fW ) = (V f)W + fLV W

4. �n�1w6/Mkü���Û�Ik"y²µ

(a) ?¿�½n3�1w¼êΓk
ij�±�E����éä"

(b) �ÑΓk
ij3ÄC�e�C�úª"`²Γk

ijØ´Üþ"

5. òo�êw�N�L : T (M) × T (M) → T (M)" y²o�êØ´��
Üþ§�Ø´��éä"AO�éä´é¡�(Γk

ij = Γk
ji), kLXY =

∇XY −∇Y X.

6. �½MþÝþÜþg, ½ÂMþ��ÝLg(r) =
∫ b

a
|r′(t)|gdt. y²

(a) ��ÝØ�6uëêz"=r̃ = r ◦φ��Ý�r��§XJφ´�©
Ó�"

(b) �3�Ý���ëêz"=|r′(s)|g = 1.¡Ù�l�ëê"

7. |^Ýþg�Ñ���mÚ{��m�éA§�Ñ?�1w¼êf��
©dféA���þ|gradf"�ÑÙÛÜ�IL«ÚÄC�e�C�ú
ª"AO�ÑÙ3îAp��mIOÝþe�L«"

8. �∇´(M, g)þiùéä§y²µ

(a) V,W´÷r�²1�þ|§y²〈V,W 〉g÷r�~ê"

(b) ÷r²1£ÄPab : Tr(a)M → Tr(b)M�Ñ����m��åC�"
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EXERCISE FIVE

5/8�,�"

1. �F : M → N´1wN�§y²µ

(a) F ∗ : Ak(N) → Ak(M)´�5�¶

(b) F ∗(ω ∧ η) = F ∗(ω) ∧ F ∗(η)

(c) ÛÜ�Ikþk
F ∗(

∑
wIdyi1 ∧ · · · ∧ dyik) =

∑
(wI ◦ F )d(yi1 ◦ F ) ∧ · · · ∧ d(yik ◦ F )

2. y²o�ê�	�ê�éó½n"

�Ei�1w6/þ�ÛÜIe|§δi�éA�ÛÜ{Ie|"�o�ê÷
v [Ej , Ek] = ci

jkEi, éAk	�êdδi = −ci
jkδj ∧ δk.

3. y²

(a) �½�6/�mf6/´�½��"

(b) XJM´ü��½��mf6/�¿8§�ü�mf6/��8´
ëÏ�§KM´�½��"

(c) Sn´�½��"

4. �M,N´�½�6/§y²:F : M → N´�½��N���=�§3?
�é½��N�1w�IkeL«�JacobiÝ
�1�ª�u""

5. �½R3þ2-/ªΩ = xdy ∧ dz + ydz ∧ dx + zdx ∧ dy.

(a) O�Ω3¥�I(ρ, φ, θ)e�L«¶

(b) O�dΩ3¥�IÚî¼�Ie�L«¶`²§�´Ó��3-/ª"

(c) O�p�3¥¡þ�2-/ªΩ|S2 = i∗Ω,Ù¥i : S2 → R3. ^¥¡�
I(φ, θ)L«"

(d) `²µΩ|S2??Ø�""?S2´�½�6/"

6. �½R3\{0}þ2-/ªΩ = 1
(x2+y2+z2)3/2 (xdy ∧ dz + ydz ∧ dx + zdx ∧ dy).

(a) |^ÛÜ�Ik��O�ü ¥¡þ�È©
∫

S2(1)
Ω = 4π;

J«µ�¥¡�IL«(φ, θ),¥¡dü��IkCX"D1 = [0, π] ×
[0, π],D2 = [0, π]× [π, 2π].

(b) O�?��»�r�¥¡þ�È©k
∫

S2(r)
Ω = 4π.
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EXERCISE SIX

�´5/27�"

1. �½(M, g)�½�iù6/§y²±eÛÜ�Ikúªµ

(a) div(Xi∂xi) = 1√
det g

∂
∂xi (Xi

√
det g)

(b) 4f = − 1√
det g

∂
∂xi (gij

√
det g ∂f

∂xj )

(c) AOéun�îAp��m�IOÝþ§�ÑÙúª"

2. �½(M, g)�;���½�iù�>6/§�N´>.þ�ü 	{�þ
|" y²

(a) ?¿1w¼êf ,�þ|X,k div(fX) = f div X + 〈grad f,X〉g
(b) (©ÜÈ©)∫

M
〈grad f,X〉gdVg =

∫
∂M

f〈X, N〉dṼg −
∫

M
f div XdVg

(c) (Green úª) ?¿1w¼êu, v,∫
M

u4vdVg =
∫

M
〈gradu, grad v〉gdVg −

∫
∂M

uNvdṼg

(d) `²�MëÏ�>.���§NÚ¼ê(4u = 0)Ñ´~ê" �¤k
A��(4u = λu)��K"

3. �Ño�êH�½Â§y²µXJ�½S3�1w(�Úo�ê¦{§
KH¥�ü ���8Ü´��o+"

4. O���o+RnÚTn��êN�"

5. y²:3Ó�¿Âe§�k����o�ê§ü���o�ê"`²:¤k
n�o�ê�±w¤gl(2, R)�f�ê"
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