
&Ò?n�êÆ�{

aka &Ò�XÚ�êÆ�{
Mathematical Methods in Signal Processing

ÜgN

zhangsirong@buaa.edu.cn

êÆ�XÚ�ÆÆ�§�®Ê�ÊU�Æ

Department of Mathematics, Beihang University

March 1, 2011

g·0�

I ÜgN: Ph.D. AÛ©Û§�Æã�©Û¶

I �ú�mµ±�(12pm-2pm)½ý�" ãÖ,Ü�¢501

I éX�ªµ134-3920-1025. zhangsirong@buaa.edu.cn

I �H�[ÆÏ¥JïÆÚ¯K§Ø����¤1!

Chapter 1: êÆ&Ò?n{0

�§{0

&E�Æ0�

�§�j

&Ò?n�êÆ�.

&Ò�XÚ

&Ò?n�~f

&Ò�êÆ�.

MATLAB{0

Motivation: lêÆ�&E�Æ

I &E´�oº

2Âµ”�£”+”�±n)”
dÂµ<�a(��something
A^: &Ò

I &E�Æ´�oº ~fµ�>

{"

&E¼�§&EDÑ§&E?

nÚ©Û§&EA^(��).

I �'Æ�µ

EE,gÄz§BME,XÚó§¶

I ***êÆ�{µ(A^êÆ) ï
�+�{
Mathematics for Engineers!



When A^êÆ meets &Ò?n!(ICM1998)

I ¤c��µz��Ö§ÚOc�§ã

Ö,...

I (1950c)Fá�©Û → �[&Ò
I (1950s)O�Å�)µ&EØ,

(1960s) ¯�Fá�C�(FFT) → ê
i&Ò

(1970s) �ÅL§ → �Ñ&Ò
I (1980s) NÚ©Û → ã�&Ò

(1990s-y3) AÛ �©�§,
Markov�Å|§�êAÛ...
→ �Æã�§¹�§O�ÅÀú"

I &Ò?n�Holy grail: <ó�U →
(�ª£O§ÚOÆS§gÄ��)

&Ò�©a

I g,&Ò: (Ñ§ã�§>&
Ò§/�Å..

I <ó&Ò: >{§ÂÑÅ§>
À§�Æã�"

I í2µ�¦�§<��..

I �§é�µ(Ñ&ÒÚã�&

Ò"

I MATLAB demos:

�§SN

ý��¦µ�È©§�5�ê§§S�O.
Ì�8Iµ ÆSØÓêÆ�.�&Ò?n�{§A

^MATLAB?§***"
Ì�SNµëY&Ò�Fá�©Û¶lÑ&Ò�ZC�§ k�&
Ò��Å§�Å&Ò�g·A&Ò?n(ïÄ)).
�Æë�Ö:

I (ë��á)êi&Ò�ã�?nµx�,Ù
A. �u�ÆÑ
��.7302120692

I (ë��á)&Ò?n�êÆ�{§7s. �ÊSÜùÂ"

I (í�)Signal Processing for everyone, Gilbert Strang. (0�©
Ù 60�)

I (í�)Computaional Science and Engineering, Gilbert Strang.
MIT úm�§ 18.085.

I Matlab: MATLAB guide, D.Higham. SIAM ½Ù¦MATLAB
ë�Ö"

�§ÆS

I þ�µJ¯! Don’t waste your time and my time!
ïÄ)µJ¯�¤1!�"

I ��3-4gµ�Q��¤1�"!

I O�Å��µÅ�½gC>Mº

��)µ�±2-3<�|"
ïÄ)µ�±Ü��ÕáJ��¤"

I ¤1µ�(TBA)
��µ²���30+þÅ��30+���30(?)+ �,ë�
10=100
ïÄ)µ²���40+þÅ��40+���20=100



&Ò�XÚ

I Ñ\&Ò:x(t), x(n)(À-&Ò)
XÚ:H(ÈÅì)
ÑÑ&Òy(t), y(n)(�A&Ò)

I XÚ´�çÝf(black box)"
~�XÚµ�©XÚ§\{

ì§��ì""

ÄåXÚºXÚ��º

I O�Å¢yµêâ→ C� →
êâ"

êÆ�.º

&Ò?n�~f

I ~fµ(Ñ&Ò?n¶

I ~fµã�&Ò?n¶

I Ì�SNµ&ÒüD,&Ò¡E, &Ò©Û
&ÒL«�DÑ → &EØ
&Ò£O��� → �ª£O§XÚ��¶

{üã�?n~f &Ò�ØÓ�.

I (½&Ò�.: x(t) ∈ L2 → Fá�©Û
�¼©Û: ¼ê�m+�5�f → �Å©Û
'�µ&Ò�DÕL«

I �Å&Ò�.µx(t)´�ÅL§ → �mS�©ÛARMA
'�: ²�ÅL§§ Ì©Û E (x(t))

I ã��&Ò�.µ�±1D → 2D��í2¶(²;&Ò?n)
'�: ã��¼ê�mØ�3!
y�&Ò?nµ���ã�AT´2Â¼ê§�?n�´^

¼ê�mBV(½TV).
g,ã�k� ØC�ÚOA�§���º�<�±Ó��

~�)¹!

I ***lÑ�O��.µ�þ�Ý
C�(A^�5�ê!)
'�:¯��{"



Why matlab?

Matlab=Matrix Laboratory

I MATLAB VS Mathematica

I MATLAB`:µ�pª�¸¶²�Õá¶ã/õUr�¶A
^¼ê¥Úóä�¶

I MATLAB":µ�=©ë�, '$?�ó(C)ú; �C?§k
«O¶ [B¶

MATLAB ?§J«

I ¤kêâ´Ý
¶ Ý
´ê|, gS:�`k!

I �pª½M©�¶{ü?§(�(��^forÌ�)¶

I ã/õU�¼êõU¶Ñ\�±´Ý
!

¦^J«µ

I ���i1L«ØÓCþ¶

I (), [], {}L«ØÓSN¶
I help�^§Cþ¶�wSN¶

I ;�^å¶
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Chapter 2: ëY&Ò�Fá�C�
Continuous signals and Fourier Transformation

1 &Ò�mµFá��I Fourier Kingdom
&Ò�5

k�Uþ&Ò�m

AÏ�êÆ&Ò

2 XÚ�C�

Fá�C�

òÈ�LTIXÚ
ëY&ÒXÚµ�[ÈÅì

�ÖÙ!µ�Ê�á 1.1-1.2,1.3.1-1.3.2; 2.1-2.3;2.5-2.8;
ë�ÖµElias Stein, Fá�©Û�Ø.
Gasquet and Witomski,Fá�©ÛÚA^"
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&Ò�mµFá��I Fourier Kingdom &Ò�5

{üNÚ�Ä

Hooke½nµF = −ku
Newton½nµF = ma = mü

�§ mü = −ku
)µu(t) = A cos(ct − φ),¡Ù
¥c =

√
k/m�ªÇ,A��

Ì,φ�� "

AÚφdÐ�û½"

k	åf��Ä�§¦
)ºmü + ku = f ë��àg
�5�§¦)(àg)+A)).

�^�þõ�!:�{ü�

Äº�)aqÀL��JµY

þe�Ä§<²1ÅÄ"
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&Ò�mµFá��I Fourier Kingdom &Ò�5

��Å�§

Newton½nµF = ma = ρhÿ(t)

�§ ρ∂
2u
∂t2

= τ ∂
2u
∂x2

,{z��ρ/τ = 1

)�µD’Alembert
u(x , t) = F (x + t) + G (x − t).

)�µ©lCþ u = µ(t)ν(x),
µ̈(t)
µ(t) = ν̈(x)

µ(x) = λ

µ̈(t)− λµ(t) = 0, ν̈(x)− λν(x) = 0
u(x , t) = (Am cosmt + Bm sinmt) sinmx ,
λ = m2.

m = 1ÄN fundamental tone§m = 2 1
�overtone(1� harmonic¤§...
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&Ò�mµFá��I Fourier Kingdom &Ò�5

Å�U\�Fá�?ê

��) u(x , t) =∑∞
m=1(Am cosmt + Bm sinmt) sinmx .

Ð�^�

u(x , 0) = f (x), u(0, t) = 0, u(π, t) = 0.
�3)↔ f (x) =

∑∞
m=1 Am sinmx

�3)�7�^� An = 2
π

∫ π
0 f (x) sin nxdx .

í2�[−π, π],Û¼ê
f (x) =

∑∞
m=1 Am sinmx , ó¼

êg(x) =
∑∞

m=1 A
′
m cosmx ,

?�¼êF (x) = f (x) + g(x), ´
ÄF (x) =

∑∞
m=−∞ ame

ımx?
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&Ò�mµFá��I Fourier Kingdom &Ò�5

Fá����µ

Joseph Fourier(1768-1830) Question:

?¿��ëY½ØëY�¼

ê´Ä�±L«���ë

Y(1w)¼ê�Ú?

Answer:

D’Alembert, Euler: Ø�½!
J.Fourier: �½!

Remark

Joseph Fourier: ë�<»Õ�
D9��¶uy§¿�A"
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&Ò�mµFá��I Fourier Kingdom &Ò�5

±Ï¼ê�Fá�?ê

Definition

�½f´[a, b]þ�È¼ê§L = b − a,K

f�1n�Fá�Xê�f̂ (n) = 1
L

∫ b
a f (x)e−2πınx/Ldx

f�Fá�?ê�f (x) ∼
∑∞

n=−∞ f̂ (n)eı2πnx/L

�'¯K:

1 ?�&ÒÑkFá�?êíº L2

2 ?�¼ê´&Òíº f (x) = x2? (ÑfØÑ5¶

3 Fá�?ê�±éÐ%C&Òíº

Fá�©Û��"�µGibbsy�,3mä:?§Fá�?ê[�
Ø�U%CÏ"�¶ ��þe�0.09�Ø�"
²;~fµ�ÅSW (t) = 4/π(sin t + sin 3t/3 + sin 5t/5 + . . . )
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&Ò�mµFá��I Fourier Kingdom &Ò�5

Gibbs y�
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&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

Fá�?ê�Âñ¯K

Ì�¯K:
PÜ©ÚSN(x) =

∑N
n=−N f̂ (n)eı2πnx/L. SN(x)3N�¿ÂeÂñ�f (x)?

cJµFá�Xêk¿Â�¦f´ýé�È!
Âñ5µ(�¼ê��5k')Why?

1 ::Âñ"Dirichlet^�µL1,k�mä:§k�4�"

2 ²��ÈÂñL2"�N →∞,
∫ b
a |SN(x)− f (x)|2dx → 0.

3 ��Âñ(uniformly)µXJf´ügëY��, |
^f̂ ′(n) = ınf̂ (n)§SN(x)⇒ f (x).

��5µf (x)ëY§�∀n, f̂ (n) = 0,Kf ≡ 0.

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 9 / 32

&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

{¤5P

Lennart Carleson(1928-)

Theorem (:Âñ, Carleson 1966)

?¿��²��È¼ê(L2)�Fá�?ê
A�??Âñ"

Richard Huntí2�Lp, p > 1.

Kolmogorov(1903-1987)�E��ýé
�È(1924)¼ê�Fá�?ê??Ø
Âñ"

Kahane,Katznelsonµ ?�"ÿÝ
8§�3��ëY¼ê3þ¡�Fá

�?ê??ØÂñ"
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&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

Hilbert�m��È

Definition (�È: 〈x , y〉)
÷v

1 〈x , x〉 ≥ 0, 〈x , x〉 = 0⇔ x = 0

2 〈x , y〉 = 〈y , x〉
3 〈λx , y〉 = λ〈x , y〉 , 〈x + y ,w〉 = 〈x ,w〉+ 〈y ,w〉
p��ê:||x || = 〈x , y〉.

Hilbert�m:�5�È�m��ê½Â�4�´���(n<â�m)"

Definition (��Ä)

Hilbert�m��|Äei¡���ÄµXJ÷v |ei | = 1, < ei , ej >= 0.

�ÜN�]Ø�ª

〈x , y〉2 ≤ 〈x , x〉〈y , y〉

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 11 / 32

&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

Uþk��&Ò�m: L2, l2

Uþk��&ÒµE (f ) =
∫
f (x)2dx <∞, f (x) ∈ L2.

½ölÑ&Ò E (f (n)) =
∑

f (n)2, f (n) ∈ l2"

Theorem (L2���Ä)

en(x) = e inx´L2(0, 2π)��|��Ä§
�Fá�?ê´�Z%C||f − SN(f )|| ≤ ||f −

∑
n cnen||

AO§´����Ä"(�3��%C)

Theorem (²��ÈÂñ)

f ∈ L1(a, b), �N →∞,
∫ b
a |SN(x)− f (x)|2dx → 0.

kParseval�ª
∑

n |f̂n|2 = ||f ||2.
AOkRiemann-Lebesgue ½nµ|n| → ∞, f̂ (n)→ 0.

5P: ���	Hilbert�mk�ê�����Ä§´k��îAp��
m��Zí2"
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&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

L2���Ä

õ�ªÄ��zµt i : i = 1, 2, ... →
Legendreõ�ª dn

dtn (t2 − 1)n.

(�>ã)�'ÈÅõ�ª Chebyshev
Tn(t) = cos(n arccos t), n = 0, 1, 2, ...− 1 ≤
t ≤ 1

Bessel ¼êµ5u��é¡�Ä�
§(�). r2B ′′ + rB ′ + λr2B = n2B
Ù¥B(r)�÷¶���Ä§r´�»§λ´
��ªÇ§n´Bessel¼ê��"
��Bessel¼êP�Jn(λk r).
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&Ò�mµFá��I Fourier Kingdom AÏ�êÆ&Ò

;.&Ò

�ê&Òx(t) = Aebt , b ∈ C
±Ï&Ò: (�u�{u&Ò)

ü &Ò: ü Ý/&ÒG1(t)(�ÅóÀ)§ü ��&Òu(t)(�
Å(SW (t)))§ü �C&ÒR(t)(n�Å)
'X:R(t) =

∫
u(t).

AÏ&Ò: Ä�&ÒSa(t) = sin t
t ,

MATLAB: sinc¼ê"
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&Ò�mµFá��I Fourier Kingdom AÏ�êÆ&Ò

δ¼ê

ü À-&Ò�ØÓ½Âµ

1 �Å��êµδ(t) = SW ′(t) = 4/π(cos t + cos 3t + cos 5t + . . . ).
ØÂñ!

2 3�:�å:u′′ = δ(t),�§�)�u(t) = −R(t − a) + ct + d ;
ë�µGreen¼ê"dØÓδ¼ê�)�±��u′′ = f�Ï)!

3 ).�½Â:
∫
δ(t)dt = 1, δ(t) = 0, t 6= 0.

Ä�A5
∫
δ(t − t0)x(t) = x(t0).

4 �5�¼µδ : H → R, δ(f (t)) = f (0).

5 ¼ê%Cµ �ÅóÀ�%C¶δ(t) = lims→∞
Gs(t)
s

pd¼ê�%C"
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XÚ�C� Fá�C�

&Ò�m9Ù$�

Definition (EL2(0, 2π)�m9n�¼êÄ)

&Ò¼êf : [0, 2π]→ C, Pn�¼êÄ�e int , �

È< f , g >=
∫ 2π
0 f (t)g(t)dt, KUþk��&Òf|¤��F�ËA�

m"f�Fá�?êÐmP�
∑

cke
int .

&Ò�$�µ &ÒC���´&Òº

�5$�(�5�m)

²£µf (t)→ f (t − h); &Òò´

��µf (t)→ f (−t); &Ò6�

� µf (t)→ af (at)¶ &Ò��¶

¦È: f (t)g(t): &ÒNª¶

�©�È©µf (t)→ f ′,
∫
f ???

òÈµf (t) ∗ g(t) ???

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 16 / 32



XÚ�C� Fá�C�

&ÒC�µ��C�

Definition (F�ËA�m���C�)

½Â�5C�A : H→ H,÷v < Af ,Ag >=< f , g >§=�±�ÈØ
C§¡� F�ËA�mþ�����C�"

?¿ü|��Ä�ØÓL«������C�¶

5µf (t)Ðm¤Fá�?ê´L2 → l2����5N�(��º)
~�C�µ

²£�f: Th(f (t)) = f (t − h) ?

���fµR(f (t)) = f (−t)¶?

� �fµSa(f ) = af (at)¶?

¦È�f: Mg (f ) = f (t)g(t), òÈ�fµCg (f ) = f ∗ g ?

�©�È©�fµD(f ) = f ′, I (f ) =
∫
f ?

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 17 / 32

XÚ�C� Fá�C�

Fá�C�: �±Ï¼ê���C�

���&Ò�±Ï¼ê,
N�½Âf̂ (n) '

∫∞
−∞ f (x)e−inxdx? cJµf3Ã¡��§AT¯�Âñ

�"('X1/x2).

Definition (Schwartz �mµS(R))

Ù¥�¼êfÃ¡g���¤k�ê¯�4~§
supx∈R |x |k |f (l)(x)| <∞, for every k, l ≥ 0.

EXAMPLE (pd¼êÚbump functions)

Kσ(x) = 1√
σ
e−πx

2/σ. f (x) = e−
1

x−a e−
1

b−x , a < x < b

Proposition

1 S´�5�m§é�©Úõ�ª¦{µ4"
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XÚ�C� Fá�C�

Schwartz �mFá�C�

Definition (Fá�C�)

f̂ (ξ) =
∫∞
−∞ f (x)e−2πixξdx

Proposition

1 ²£ f (x + h)→ f̂ (ξ)e2πihξ

2 �� f (λx)→ λ−1f̂ (λ−1ξ)

3 �© f ′(x)→ 2πıξ f̂ (ξ)

4 òÈ (̂f ∗ g)(ξ) = f̂ (ξ)ĝ(ξ)

Theorem (Fá�C�´S(R)þ��5C�.)

ef (x) ∈ S(R)§Kf̂ (ξ) ∈ S(R),AOpd¼êC���"
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XÚ�C� Fá�C�

Schwartz �mFá�C�´��C�

Definition (Fá�_C�)

PFá�C�F(f )(ξ) =
∫∞
−∞ f (x)e−2πixξdx,

KFá�_C�F∗(g)(x) =
∫∞
−∞ g(ξ)e2πixξdξ

Proposition

1 ¦Èúª
∫∞
−∞ f ĝdt =

∫∞
−∞ f̂ gdt

2 _½nF∗F(f ) = f :
= f (x) =

∫∞
−∞ f̂ (ξ)e2πixξdx

3 Plancheral ½nµ‖f̂ ‖ = ‖f ‖.‖�L2�ê"

4 *** Poisson ¦Úúª"
∑∞

n=−∞ f (x + n) =
∑∞

n=−∞ f̂ (n)e2πixn,A

O
∑∞

n=−∞ f (n) =
∑∞

n=−∞ f̂ (n)"
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XÚ�C� Fá�C�

Fá�C�: Schwartz�m�L2�m

'�(Jµ

1 Schwartz �m3L2(R)¥È�¶

2 Fá�C�F´Schwartz �mþ���(�_)C
�¶< f , g >=< f̂ , ĝ >

3 F�3lSchwartz �m����mL2(R)�*Ü"

Theorem (L2�m�Fá�C�)

F�ÑL2(R)þ�����(�å)C�"

1
ˆ̂f = f ;

2 < f , g >=< f̂ , ĝ >

3 ||f || = ||f̂ ||

5Pµ�±?�Úí2�2Â¼ê(�5�¼).
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XÚ�C� Fá�C�

°Ü�Ø(½�n: Fá�©Û�Û�

Theorem (°Ü�Ø(½½n)

�f ∈ S(R),‖f ‖2 =
∫∞
−∞ |f |

2dx = 1,k ∞∫
−∞

x2f 2(x)dx

 ∞∫
−∞

ξ2f̂ 2(ξ)dξ

 ≥ 1

16π2

=�f (x) = Ae−Bx
2
,B = A4π/2��Ò¤á"

Remark (Ôn)º: �Ø(½5×ÄþØ(½5≥ h
16π2 )

�f u[a, b]�VÇ�
∫ b
a ψ

2dx.

�f� �´Ï"x0 =
∫∞
−∞ xψ2dx,  ����

´
∫∞
−∞(x − x0)2ψ2dx

éAk�f�Äþ©Ù�
∫ b
a ψ̂

2dxÚ��.
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XÚ�C� òÈ�LTIXÚ

XÚ��f

XÚH´��¼ê�m��f(½C�)"H : x(t)→ y(t)
~�&Ò$�Ñ´�f"

~�XÚµ

�5XÚ: H(ax + by) = aH(x) + bH(y)
ëY�fº

�ØCXÚ: H(x(t − k)) = y(t − k)
&Ò?né�→ �5�ØC�fµLTIXÚ!

½XÚµBIBO½XÚ x(t)k.Ky(t)k.¶

ÏJXÚ: y(t0)�6x(t), t ≤ t0. =XÚØUýÿ"

~f:k��©�§
∑

i aiy(t − i) =
∑

j bjx(t − j)

2Ä��f: S(x(n)) = x(nP),P ∈ N
´Ä´ÏJXÚº
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XÚ�C� òÈ�LTIXÚ

òÈ

Definition (òÈ�±ÏòÈ)

�½f , g ∈ L2, ½ÂòÈf ∗ g =
∫∞
−∞ f (y)g(x − y)dx;

AOXJf , g´±Ï2π�È¼ê, K½Â±ÏòÈ
(f ∗ g)(x) = 1

2π

∫ π
−π f (y)g(x − y)dx

5PµòÈ=�Æ�õ �ê¦{(Ø? !)

òÈ÷v�5§��Æ§(ÜÆ"

f ∗ g´ëY�§�f̂ ∗ g(n) = f̂ (n)ĝ(n).

�©�È©µD(f ) ∗ I (g) = f ∗ g .(±Ï¼ê)

Fá�?ê�Âñ�½µPÜ©

ÚSN(x) = (f ∗ DN)(x),DN(x) =
∑N

n=−N eınx = sin(2N+1)x/2
sin(x/2)

¡�)|�XØ§�kFejer,Abel,GaussØ"
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XÚ�C� òÈ�LTIXÚ

ëY&ÒLTIXÚ��.

Remark

Fá��Iµ���Uþ&Ò�±w¤L2(0, 2π)½L2(R)�¼ê" �2
Â�:Uþ&Òáu��Hilbert�m"
�5�ØCXÚ(LTI):´Hilbert�m����5�f��²£�f��
�"

Theorem (LTIXÚÄ�(Ø)

�5�ØCXÚH��dü À-&Òδ(t)�À-�Ah(t)û½"
�H(x(t)) = h(t) ∗ x(t)"(¤kLTI´�òÈXÚ).

L2kéõ��Ä§éA�kØÓ���©)§��o^n�¼êÄº�
�o^Fá�C�º

Theorem (LTIXÚA��þ)

n�¼êÄ´¤k�5�ØCXÚH�ú�A��þ"
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XÚ�C� òÈ�LTIXÚ

ü À-&Ò�LTIXÚ�òÈ)º

δ0´���5�¼(�UÃ.!)"< δ0, x(t) >= x(0)
´ÄkRiesz L«½nº< δ0, x(t) >=< z(t), x(t) >

���¼êL«kx(t) =< δt−s , x(s) >.

PH(x(t)) = y(t),K y(t) = H(< δt−s , x(s) >) =< H(δt−s), x(s) >

����±½Â< H(δ), x(t) >=< δ,H(x(t)) >
b�H(δ)´k.�¼!§dRiesz L«½
n"< H(δ), x(t) >=< h(t), x(t) >.

�Ts(x(t)) = x(t − s),KH ◦ Ts = Ts ◦ H.
AOy(t) =< Ts(h(t)), x(s) >=< h(t − s).x(s) >= h(t) ∗ x(t).

Remark

���δ(t)w¤2Â¼ê(distribution),�±¦�§È©�"
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XÚ�C� òÈ�LTIXÚ

�ê¼ê´¤kLTIXÚ�A��þ

Theorem (k.�5�f�Ì)

Hilbert�mþ�±p����é¡(�5)�fx(���3��k.�
f)�3�Ó�A��þ"

�5�f(normal operator): N ◦ N∗ = N∗ ◦ N Ù
¥< Nx , y >=< x ,N∗y >"

Corollary

¤k�LTIXÚ´òÈXÚ.òÈ�±��,��²£�fTs���, ¤±
�3�|�Ó�A��þ" AOkh(t) ∗ e ist = H(s)e ist .

òÈ�f���h1 ∗ h2 ∗ x = h2 ∗ h1 ∗ x
òÈ�²£�fTs���;

÷vh ∗ e = λe,Ts(e) = tse,=k�ê¼ê÷vT�§!

���yh(t) ∗ e ist = H(s)e ist"
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

{ü&ÒµÝ/Å

��±Ï¼ê�Ý/Å:G2(t) = 1,±
ÏT = 2π
Fá�Ð

mG2(t) = 1
π +

∑
n 2/πSa(n) cos nt.

Fá�Ðm�Eê/ª:
G2(t) = 1

π +
∑

n
1
πSa(n)e−int

��k�«m¼ê�Ý/

Å:G2(t) = 1"

Fá�C�Ĝ2(w) = 2Sa(w).

AOFá�XêFn = Ĝ2(nw)/(2π)
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

2Â&Ò

Remark (2Â&Ò�Fá�C�)

���C∞c þ��5�¼¡�©Ù(distribution).w��È¼ê½Â��
¼�í2" ¡�2Â¼ê"

2Â¼ê�Fá�C�: é?Û¼êx(t) ∈ S, < f̂ , x(t) >=< f , x̂(t) >

E�ê&Òx(t) = e−atu(t)
Fá�C� X (w) = 1

a+iw

ÎÒ¼êsign(t) = lima→0 e
−at

Fá�C� SIGN(w) = 2
iw .

ü À-¼êδ(t),δ̂ = 1
AO1̂ = 2πδ(t).

ü ��¼êu(t) = 1/2 + sign(t),

û(t) = πδ(w) + 1
iw .
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

LTIXÚ

LTIXÚ��dh(t)û½"

òÈ��5,�²£�� → �5�ØC
h(t) = 0, t < 0 → ÏJXÚ¶∫
|h(t)| <∞ → BIBO½XÚ¶

ªÇ�A:PH(w) = ĥ(t),KÑÑ&ÒªÇY (w) = H(w)X (w)
¡|H(w)|�ÌÝªÇ�A¶arg(H(w))�� ªÇ�A"

��²;&ÒXÚÌ�A^uªÇ�?n§¡��[ÈÅì"

©a:$Ï(lowpass),pÏ(highpass),�Ï(bandpass),�
{(bandstop),�Ï(allpass)�"
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

n�ÈÅì9¢y

�ÏXÚ(Ã�ý)�ªÇ�
A:H(w) = Ae−iwTd ,
A´ªÇ§Td´+ò�"

n�$ÏÈÅì�ªÇ�Aµ

H(w) = G2wc (w)e−iwTd

5¿: h(t) = wc
π Sa(wc(t − Td)) Ø´ÏJX

Ú§¤±ØU¢y!
�´Ã¡¼ê§��^knõ�ª%

C"

~��[ÈÅìµ

ButterworthÈÅì:|H(ω)|2 = 1
1+B2ω2n

�'ÈÅÈÅì:|H(ω)|2 = 1
1+ε2C2

n (ω)

ý�ÈÅì:|H(ω)|2 = 1
1+ε2U2

n (ω)
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

�Ù�\ÆS¯K

Nþ�'¯K±B�§Ï"�wÀJµ

L2�m�Ù¦��Ä¶

Gibbsy�(êÆ)º9p��/)

δ¼ê�î�½Â9Ù3�©�§¥�A^(Green ¼ê);

Schwarz�mþ�Fá�_½n(Fá�C��_C�´Ù��).

°Ü�ÿØO½n¶

~��[ÈÅì�¢y;
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Chapter 3: lÑ&Ò�zC�
Discrete signals and Z-Transformation

1 lÑ&Ò

Ä�½n

ZC��DTFT
~f�O�

2 lÑLTIXÚ
lÑLTIXÚ�D4¼ê
lÑLTIXÚ�~f
êiÈÅì��O

�ÖÙ!µ�Ê�á 1.4,1.5,4.9;
ë�Öµêi&Ò�ã�?n: 1nÙ
G.Strang: Computational Science and engineering:
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lëY&Ò�lÑ&Ò

ëY(½�[)XÚ�¢y: H(Ω)d�½a¼ê%C¶ k�½>´¢
y(RLC)§(;�^��O);�>!
¯K: �3Ôn��(�pªº); �OE,¶Ø°((ÔnØ�);

lÑ(½êi)XÚ�¢y: H(Ω)dkn¼ê%C§Ã�°(¶ÈÅ
ìd>M^�¢y,ÃÔn��¶ O\AD=�,DA=�ì¶
¯K:Ñ>§�Ýú¶Ä�&Ò���¶

AD=�ì: n�óÀÄ� x(t)→ x(nTs),Ts´Ä�±Ï¶¢S�U

´Ý/óÀÄ�¶

DA=�ì: n���úª�±���¶ ¢S^$ÏÈÅì©

Ì�¯Kµ�3������úªíº x(n)→ x(t)?
�����x(t)�¼ê�m,'Xõ�ªº
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lÑ&Ò Ä�½n

Ä�&Ò9·Ualiasing

Ä��ªÇCz:

Ä�ªÇ:m��mTsÀ���x(nTs).Ts´Ä�±

Ï(¦)§fs = 1/Ts´Ä�ªÇ(ü HZ)§ ws = 2π/Ts´Ä��ª

Ç(½Ä�ªÇ).
&ÒÄ�ªÇ:�ý¢&ÒªÇf ,w ,KÄ��êi&Òª
Çf ′ = f /fs ,w

′ = 2πw/ws = wTs

~^8�zªÇ: �{z©Û,�Ts = 1,ws = 2π,KÄ�&ÒP
�x(n), êi&ÒªÇáu[0, 2π],

Ä�&Ò�·Ualiasing

�ý¢&Òx(t) = cos wt,Ä�&Òx(n) = cos w ′n
ws = 2w , x(n) = cosπn,´�pªÇ&Ò, ¡�NyquistªÇ¶
ws = 4w ,x(n) = cosπ/2n, ´LÄ�oversampling
ws = 4/3w§x(n) = cos 3π/2n, ´jÄ�undersampling
***ü�Ä���1, 0,−1, 0 . . . . ¡�·Ualiasing(pª�$ªL«);
AO: sinπn�sin 0·U"NyquistªÇé�u&ÒØ
§
���¦&Ò���ªÇ w ≤ π/Ts ,=Ä��&ÒªÇw ′ ≤ π.
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lÑ&Ò Ä�½n

Shannon ��úª(���)

Theorem (NyquistõShannon½n)

Ä�&Ò�±��¡E�ëY&Ò7L÷v:
(1)�&Ò´ªÇ��(ª�)k��,��pªÇwc ;
(2)Ä�ªÇ��´�pªÇ�ü�"ws ≥ 2wc .
¡2wc , 2fc�G¿dAÇ§¡æ�Çws����G¿dAªÇ"

Shannon ��úªµ �Ä�&Ò�pªªÇ(8�z�)�

"x̂(w) = 0, |w | ≥ π, Kx(t) =
∑

x(n) sinπ(x−n)
π(x−n)

5Pµ>{: 8kHz (Ï{3.4kHz)¶ CD: 44.1kHz ((Ñ20kHz)

Proof.

***b�x(n)�Fá�C�´±Ï¼ê.
kFá�?êx̂(w) =

∑
cne inw ,�y:cn = x(−n).

�\Fá�_C�½nx(t) = 1
2π

∫ π
−π(
∑

cne inw )e iwtdw��!
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lÑ&Ò Ä�½n

Ä�&Ò�·Uy�aliasing
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lÑ&Ò Ä�½n

Ä�½ny²:±Ï¼ê�lÑÌ

�±Ï¼ê3±Ï[0,T1]¥½Â�f0(t);

±Ï¼ê�êÆL«:f (t) =
∑

f0(t − nT1)
f (t) = f0(t) ∗ 4T1(t)

Proposition (Dirac comb�C�)

Dirac comb ´lÑ�±ÏS�"w1 = 2π/T1,k
Fá�Ðm4T1(t) = 1

T1

∑
enw1t .

Fá�C�: 4̂T1(t) = w14w1(w).

Corollary (±Ï¼ê�lÑÌ)

f̂ (t) = f̂0 · 4̂T1(t) =
∑

(w1F0(nw1) · δ(w − nw1).

5Pµ��±ÏéAª�lÑ"
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lÑ&Ò Ä�½n

Ä�½ny²:Ä�¼ê�±ÏÌ

êÆL«:fs(t) = f (t) · 4Ts (t)

òÈúª: f̂s(t) = 1
2π f̂ (t) ∗ 4̂T1(t)

±ÏÌFs(w) = 1
Ts

∑
F (w − nw1).

F (w) = f̂ .

&Òn�¡E:�±��^ªÇ�þ
�Å�¦§2Fá�_C�"

���¹:¦^$ÏÈÅì����
&Ò"

kÙ¦�Ä��{(Ý/Ä�½n§
ªÇÄ�½n).
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lÑ&Ò ZC��DTFT

.Ê.dC�LT

ü>LTC�µ

8Iµ?¿¼ê��”Fá�”C�¶x(t)e−At

C�: X (s) =
∫ +∞

0 x(t)e−stdt,s = A + iw .

Âñ^�:x(t)©ãëY, |x(t)| ≤ AeMt .

~fµx ≡ 1,X (s) = 1/s, �Fá�C�Ø�3"

_C�µ

V>LTC�µ

í2V>LaplaceC�:X (s) =
∫ +∞
−∞ x(t)e−stdt

s¡�EªÇ"¢C¼ê→EC¼ê!

XJFá�C��3, x̂(t) = X (s)|s=wi .

Âñ�ROC�ØÓ: eAtµ(t)�−eAtµ(−t)�LTC�� 1
s−a , Âñ

�Re(s) > a,Re(s) < a.
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lÑ&Ò ZC��DTFT

ZC�

Ä�&Ò�LTC�µ

Dirac Comb:4Ts (t) =
∑
δ(t − nTs)

LTC�: L(4Ts ) = 1
1−e−sTs

Ä�&Òµfs(t) = f (t) · 4Ts (t)
L(fs) =

∑+∞
0 f (nTs)e−s(nTs).

Definition (ZC�)

�Ä�&Òxs(t),KÙLTXs(s) =
∑

x(nTs)e−s(nTs).
-z = esTs½s = ln z/Ts , kX (z) =

∑
x(nTs)z−n.

���8�zL«Ts = 1,kS�&Òx(n),ZC�X (z) =
∑

x(n)z−n.

ZC��Ôn¿Âº
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lÑ&Ò ZC��DTFT

lÑ�mFá�C�

ÔnªÇ�L«:
LTC�µs´Eª�,ý¢ªÇs = iwµJ¶;
zC�µz = es ,ý¢ªÇC�e iwµü �"
�Ä�&Òxs(t),KÙLTXs(s) =

∑
x(nTs)e−s(nTs).

½ÂµX (e iω) =
∑∞

n=−∞ x(n)e−iωn

Ì�2π ±Ï¼ê. AO X (e iω) = X (z)|z=e iω

Âñ^�µ x(n)ýé�Ú"Ù¦? ROC�¹ü �"

±ÏòÈ:x1(n)x2(n) ∼ 1
2π

∫
2π X1(e iθ)X2(e i(ω−θ))dθ.

5: �Fá�C�Ø��!!!
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lÑ&Ò ~f�O�

E©Û£�: Best functions

�Z¼ê: )Û¼ê

f (z) =
∑∞

n=0 cnzn

f (x) = 1/(1 + 25x2)Ã¡1wØ)Û!

Âñ�µ�� 1/r = limsup n
√
|cn|.

Âñ�S?¿¼ê��±õ�ª�ê%C(�Vúª==´ÛÜ%
C);
→ 1970s Ì�{ (1950s k��©�{, 1960s k���{)

æX¼ê½Laurent?ê

f (z) =
∑∞

n=−∞ cnzn

��=�Äk�K�, Kf (z)(z − p1)(z − p2) . . .´)Û�, ¡pi�4

:¶

Âñ�µ�U´��	|z | > r§��¶R2 > |z | > R1, Âñ�S)
Û!
��±4:�>.¶

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ April 12, 2011 12 / 29



lÑ&Ò ~f�O�

ZC��Âñ�

Laurent ÛK?ê�Âñµ3Âñ�
Sz�:)Û!∑

x(n)z−nÂñ�¿�^
�:
∑
|x(n)z−n| < +∞

�O{K:'�½���O"

~fµV>k�S�¶

�>S�¶m>S�¶

V>Ã�S��UØ�3ZC�!

EC¼ê�":ziÚ4:pj :
F (zi ) = 0, 1/F (pj) = 0

(ØµROC±4:�>.!
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lÑ&Ò ~f�O�

~�S�ZC�

ü À-S�:δ(n),X (z) = 1
5¿: ü À-S�Ø´ü À-¼ê�lÑÄ�!

ü ��S�u(n), X (z) = z
z−1 , |z | > 1

Ý/S�:GN(n),X (z) = 1−z−N

1−z−1

�êX�anu(n),X (z) = z
z−a , |z | > |a|

{uS�cos(nw0)u(n),X (z) = z(z−cosw0)
z2−2z cosw0+1

.

***2Ä�S�µxb(n) = x(nb)

DownsamplingüÄ�: xM(n) = x(Mn),M ∈ N
ZC�XM(z) = X (z1/M) ROCCz!

UpSampling ,Ä�µx1/M(n) = x(n/M),M ∈ N (�Ö");

ZC�X1/M(z) = X (zM) ROCCz!
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lÑ&Ò ~f�O�

ZC��5�

AO:z�òÈ(EòÈ)´±ÏòÈ(÷�±È©)!
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lÑ&Ò ~f�O�

E©Û£�: 3ê�È©úª

È©úª

�Ü½n: )Û¼ê
∮
C f (z)dz = 0

�ÜÈ©úª: f (z0) = 1
2πi

∮
C

f (z)
z−z0

dz

AOf (n)(z0) = n!
2πi

∮
C

f (z)
(z−z0)n+1 dz

3ê

Laurent?ê f (z) =
∑∞

n=−infty cn(z − z0)n

c−1 = 1
2πi

∮
C f (z)dz¡�34:z0?�3êRes(z0)¶

��cn = 1
2πi

∮
C

f (z)
(z−z0)n+1 dz .

3ê½n:
∮
C f (z)dz = 2πi(Res(z0) + Res(z1) + . . . ).

kn¼êf (z) = N(z)
D(z)3{ü4:(��)z0?3ê�

c−1 = limz→z0(z − z0)f (z) = N(z0)
D′(z0)
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lÑ&Ò ~f�O�

_ZC�

Theorem (_ZC�úª)

x(n) = 1
2πi

∮
C X (z)zn−1dz, C�Âñ�S�µ4�"

Corollary

lÑ�mFá�C�(DTFT)�_C�:

x(n) =
1

2π

∫ π

−π
X (e iω)e iωndω

O��{:

kn©ªÐm X (z)/z = N(z)
D(z)

�?êÐm§X (z) =
∑

x(n)z−n �Ø{¶

��O�µ|^{ü¼ê�ZC��$�"
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lÑLTIXÚ lÑLTIXÚ�D4¼ê

lÑLTIXÚ

lÑ�5�ØCXÚ(LTI)

Theorem

lÑ�5�ØCXÚ(LTI)´òÈXÚ: y(n) = x(n) ∗ h(n) h(n)´δ(n)�
ü À-�A"

Outline: x(n) =
∑

x(m)δ(n −m),δ(n −m)→ h(n −m).

lÑXÚÄ�$�:ü ò�,\{ì§��ì"

E,XÚ: XÚ�¿é(�A¼ê\{),Gé(�A¼êòÈEÜ);

LTIÏJXÚ��=�h(n)´ÏJS�

LTI½��=�
∑
|h(n)| < +∞

���.(ARMA): �±w¤��~Xê�©�§∑
biy(n − i) =

∑
ajx(n − j).
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lÑLTIXÚ lÑLTIXÚ�D4¼ê

lÑLTIXÚ�D4¼ê

Definition (D4¼ê)

��lÑLTI�Ñ\ÑÑ&ÒZC��'�H(z) = Y (z)
X (z)¡�XÚ�D4

¼ê½XÚ¼ê"

AO: knD4¼ê
∑

biy(n − i) =
∑

ajx(n − j), KH(z) =
∑

ajz
−j∑

biz−i

H(z)�_zC�´h(n).

LTIÏJXÚ �dµD4¼ê�ROC�,��	Ü"knXÚ:©f
Ø�u©1��¶

LTI½ �d:D4¼ê�ROC�¹ü �"ÏJknXÚ:4:3
ü �S"

XÚªÇ�A

H(z) = |H(z)|e iargH(z), arg(H(z)) = arctan(Him(z)/Hre(z))
AOY (e iw ) = H(e iw )e iw ,´XÚé�u&Ò��A"
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lÑLTIXÚ lÑLTIXÚ�D4¼ê

XÚ�©a

knD4¼êªÇ�AµH(e iω) = p0
d0

e iω(N−M)
∏M

k=1(e iω−ξk )∏N
k=1(e iω−λk )

,

ÌÝ�A|H(e iω)| =
∣∣∣p0
d0

∣∣∣ ∏M
k=1 |e iω−ξk |∏N
k=1 |e iω−λk |

� �Aθ(ω) = argH(e iω) =
arg p0

d0
+ ω(N −M) +

∑M
k=1 arg(e iω − ξk)−

∑N
k=1 arg(e iω − λk)

UÌÝ�A©a: n�ÈÅ¼êµ$Ï§pÏ§�Ï§�{¶
k.¢D4¼êBR:|H(e iω)| ≤ 1,AOÃ�XÚXJUþØC"
�ÏD4¼ê:|H(e iω|) = 1
U� �A©a:
"� D4¼êµθ(ω) = 0 Ø�3"� ÏJÈÅì"
�5� D4¼êµH(e iω) = e−iωD , +ò´τ(ω) = D
***����� D4¼ê:¤k":|ξk | < 1¡���� ¶���
�� ¶Ø�½K´·Ü� ¶

éknD4¼êH(z) = N(z)/D(z),U�A�ê©a¶
FIR:k�À-�A D(z) = 1, h(n)k��¶q¡��":ÈÅì¶
IIR:Ã¡À-�A D(z) 6= 1, h(n)Ã��¶q¡�48ÈÅì¶
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lÑLTIXÚ lÑLTIXÚ�~f

{üÈÅì:MA,MD

£Ä²þÈÅìy(n) = 0.5x(n) + 0.5x(n − 1)

DC�6&Òx(n) = 1→ y(n) = 1, AC�6&
Òx(n) = (−1)n → y(n) = 0.

��ªÇ&Ò e inw → (0.5 + 0.5e−inw )e inw .

H(e iw ) = 0.5 + 0.5e iw = e−iw/2 cos(w/2)´$ÏÈÅì.
AO´�5� ÈÅì"

aqµ£Ä�©ÈÅ

ìy(n) = 0.5x(n)− 0.5x(n − 1),H(e iw ) = e−iw/2i sin(w/2).

Proposition (é¡���5� )

XJh(k) = h(N − k),KH(w) = e−iwN/2|H(w)|,AO|H(w)|´ó¼ê"

�Ñ&Òý?n: y(n) = x(n)− ax(n − 1), 0 < a ≤ 1.
|H(e iw )| =

√
1 + a2 − 2a cos w ´'uw ∈ [0, π]�O¼ê.(��pª).
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lÑLTIXÚ êiÈÅì��O

êiÈÅì�OL§

8Iµ�EDÑ¼êG (z)%C�½�ªÇ�A"

�O�Iµëêωp, ωs , δp, δs

(½ÈÅìa.µFIR, IIR

(½ÈÅì��êµN

�ÑÈÅì�XêµP(z),P(z)/Q(z)

|^O�ÅS�`zXê"

5Pµ �E�_EC�s = F (ŝ)��ªÇC�" ØÓªÇ�A�ÈÅ
ì�±=��$ÏÈÅì¶

pÏ Ω = −ΩpΩ̂p

Ω̂
, ω̂ = −1/ω

�Ï Ω = −Ωp
Ω̂0

2−Ω̂2

Ω̂Bω
, ω̂ = ω − 1/ω

�{ Ω = Ωs
Ω̂Bω

Ω̂0
2−Ω̂2

, ω̂ = 1
ω−1/ω
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lÑLTIXÚ êiÈÅì��O

$ÏêiÈÅì�O�I

Ï���ªÇωp,{���ªÇωs

Ï�

þ|ω| ≤ ωp, 1− δp ≤ |G (e iω)| ≤ 1 + δp
{�þ ωs ≤ |ω| ≤ π, |G (e iω)| ≤ δs
¸Å«�δq, δs^�Ã¼êL
«αp = −20 lg(1− δp)dB,
αs = −20 lg(δs)dB,¡�Ï�¸�Å
«§��{�P~"

ü zµ�ÌÝ����1¶Ï�Å
«L«1/

√
1 + ε2; {�Å«L«1/A

***Ù¦ëêµÀJ5ë
êµk = ωp/ωs < 1
©Eëêµk1 = ε√

A2−1
<< 1.
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lÑLTIXÚ êiÈÅì��O

êiÈÅì��O�{

FIR: �«I��Oúª¶N�Xê¶"""
fir1,firpm,firls;

IIR: |^¤Ù��[ÈÅì�O"

1 êiªÇ�A�I=z��[ªÇ�¶
2 ~^�[ÈÅì�õ�ª��O¶
3 V�5C�£�êiªÇ�¶
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lÑLTIXÚ êiÈÅì��O

FIRI¼ê�OµButterworthÈÅì

|H(Ω)|2 = 1
1+(Ω/Ωc )2N ,

Ω = 0��¶Ωc´3dB��ªÇ¶A
OG (2Ω) ≈ G (Ω)− 6NdB"

dΩc ,Nû½"
1

1+(Ωp/Ωc )2N = 1/(1 + ε2),
1

1+(Ωs/Ωc )2N = 1/A2;

N = 1
2

lg((A2−1)/ε2)
lg(Ωs/Ωp) = lg k1

lg k

���±�¤ H(s) = C
DN(s) = ΩN

c∏
(s−pi ) .

�±�L½^MATLAB��"

A�µÏ�,{�SüN¶
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lÑLTIXÚ êiÈÅì��O

~�I¼ê

Ý/I¼êµω[n] = 1

Bartlett(n�/)µω[n] = 1− |n|/(M + 1);

Hanning:
ω[n] = 0.5(1 + cos(2πn/(2M + 1)));
Hamming:
ω[n] = 0.54 + 0.46 cos(2πn/(2M + 1))

Blackman:
ω[n] = 0.42 + 0.5 cos(2πn/(2M + 1)) +
0.08 cos(4πn/(2M + 1));

Ω�/GëêµÌ�°Ý∆t§�é��

?Ad .
%CÌ�°Ý,LÞ�
°∆ω = ωs − ωp ≈ c

M ,c�~
ê"c = 4π, 8π, 12π... ��δ´~ê""
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lÑLTIXÚ êiÈÅì��O

FIR:�ZÈÅì

�Å«ÈÅì equi-ripple

4�4�%C: ���Ø(Ï�Ú{�)Ñ�
�"maxw |Ideal(w)− H(w)|
��^é¡ÈÅì

��½n:d�õ�ª%C§�õÑyd + 2g��"

��À½: KaiserúªN = αs−8
2.285(∆ω) .

�{: Parks-McClellan�{(AORemezS��{)

MATLAB firpmord(), firpm()

���¦ÈÅì

MSL 4�z�ØR =
∫
|ideal(w)− H(w)|2dw |

Ì�æN:Gibbsy�µ

�^Levinson-Durbin S��{"

MATLAB: firls()
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lÑLTIXÚ êiÈÅì��O

IIRÈÅì�OµV�5C�

Definition

l�[ªÇ��êiªÇ��C�

s = 2
T

1−z−1

1+z−1

éA�êiD4¼ê G (z) = H(s)|s=∗∗

Proposition

s = a + bi, z = 1+(a+bi)T/2
1−(a+bi)T/2

J¶N�ü �¶ªÇÌ��N�

�\z = e iω, ªÇ'XΩ = 2
T tan(ω2 )

V�5C����±{zµ-T = 2,
z = 1+s

1−s .
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lÑLTIXÚ êiÈÅì��O

�Ù�\ÆS¯K

Nþ�'¯K±B�§Ï"�wÀJµ

Ù¦Ä�½n(ª�,Ý/Ä�)¶

.Ê.dC�9ÙA^¶

êiÈÅì�O�Ù¦�{¶(MATLAB¥)

êiÈÅì�O�I¼êÀ��'�¶

��½n�y²:d�õ�ª%C§�õÑyd + 2g��"

firpm¥Parks-McClellan�{¶

firls¥�{¶

{ü�êiÈÅìA^¶
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Chapter 4: k�&Ò�DÕC�
Finite signals and sparse transformation

lÑFá�C�

DFT
FFT

lÑ{uC�

�ÅC�

Harr�Å
ÈÅì|��E

�ÅÄÚDÕL«

ë�Öµêi&Ò�ã�?n: 1oÙ
G.Strang: Computational Science and engineering:

£�

I ëY&Ò§ëY�mXÚµFá�©Û�¼ê�m

�[&Ò?n: %Cn�ÈÅì(ButterworthÈÅì)

I lÑ&Ò§lÑ�mXÚ: ZC� � E?ê
êi&Ò?n: �Eh(n),¦�H(e iw )%Cn�ÈÅì(�Å
«ÈÅì)

I k�&Ò, Ý
C�µÝ
ÄC�→ DÕÝ

&Ò�D4�Ø : ÏéÜ·&Ò�Ü·�Ä? �ÅÄ"D
Õ&Ò

llÑ&Ò�k�&Ò

¢SA^¥7,´k��Ä�&Ò¶x(t)→ x(n)→ x [N]

I ��k�&Ò��{: �ä"
�m�:x [N] = x(n) · G (N),Ù¥G (N)���N�Ý/óÀ"
ªÇ�: XN(w) = X (w) ∗ sinc(w);

I ¯K: òÈ�)ªÇ�¦"
k�&Ò�ªÇÌ´Ã¡�!

lk�&Ò��lÑÌ

I ±Ïòÿ�&Ò → lÑÌ
I \"�±Ïòÿ¶

I é¡*Ü�±Ïòÿ¶



lÑFá�C�DFT

I k�S�x [n], Fá�ÌX [k], ªÇWN = e−i2π/N ;

I lÑFá�C�(DFT) X [k] =
∑N−1

n=0 x [n]W kn
N ,

k ∈ [0,N − 1)

I lÑFá�_C�(IDFT) x [n] = 1
N

∑k=N−1
k=0 X [k]W−kn

N

I Ý
L«µ

DN =


1 1 1 . . . 1

1 W 1
N W 2

N . . . W N−1
N

1 W 2
N W 4

N . . . W
2(N−1)
N

...
...

...
. . .

...

1 W N−1
N W

2(N−1)
N . . . W

(N−1)(N−1)
N


I C�úª X = DNx ,_C�x = 1

N D∗NX .
Ý
´VandemondeÝ
!

DFT5�

I Fá�ÌX [k]´lÑ�±ÏÌ"(´ü �þ�N:Ä�)
N�À�¯K: x(N)�N:DFT�x(N)\"�2N:DFT�
Oº ���6�&Ò�á�²5"

I é¡��ÝµW k
N = −W

N/2+k
N ,W N

N = 1
AO¢S�k:X [N − k] = X [k]∗

I ±Ï(½Ì�)òÈ: x [n] ∗ y [n] =
∑i=N−1

i=0 x(i)y(N − i)

I Parseval �ª"

DFT�O�

O�E,Ýµ

I O�¤kC���� N2�Eê¦{§N(N − 1)Eê\{"
=4N2�¢ê¦{§ (4N − 2)N¢ê\{¶

I O���C���(~^Goertzel�{µ)(�5ÈÅì�{)
|^W−kN

N = 1,DFT�±�¤S��òÈ¶

X [k] =
∑N−1

l=0 x [l ]W kl
N =

∑N−1
l=0 x [l ]W

−k(N−l)
N

X [k] = yk [n]|n=N , yk [n] =
∑n

l=0 x [l ]W
−k(n−l)
N , xe [n] =

x [n], hk [n] = W−kn
N O

�yk [n] = xe [n]⊗ hk [n],=Yk(Z ) = Xe(Z)

1−W−k
N z−1

;

4íúªµyk [n] = x [n] + W−k
N yk [n − 1], 0 ≤ n ≤ N

�{E,Ýµ2N�¢¦{§2N�¢\{¶X [k],X [n − k]�
é¡5¶

DFTÝ


DFTÝ
:

DN =


1 1 1 . . . 1

1 w1
N w2

N . . . wN−1
N

1 w2
N w4

N . . . w
2(N−1)
N

...
...

...
. . .

...

1 wN−1
N w

2(N−1)
N . . . w

(N−1)(N−1)
N


MATLAB¢y  j = 0 : N − 1; k = j ′; F = w . ∧ (k ∗ j)
D = fft(eye(N));

I Ý
���þ´���! ��o? ´,�é¡Ý
(���
©)�A��þ! ë�DCTÜ©

I ~fµD4(δ) = (1, 1, 1, 1),D4(DC ) = δ
D4(sin) = (0, 1/2i , 0,−1/2i). lÑ{uC�DCT´¢C�!



DFTÝ
©)

D4 =


1 1 1 1
1 i i2 i3

1 i2 i4 i6

1 i3 i6 i9

 =


1 1

1 i
1 −1

1 −i

 ∗


1 1
1 i2

1 1
1 i2

 ∗


1
1

1
1


��� F2N =

[
IN AN

IN −AN

]
∗
[

FN

FN

]
∗
[
even-odd permutation

]
Ù¥AN´é�
(1,w ,w2, ...wN).
O�þ: �kNgé�
O�!!! 4íkcN log Ng$�!
5: z�Ý
´DÕÝ
!

FFT�¢y

I �&Ò�ck ,©)�Ûóc1
k , c

2
k

I C�kf 1 = DNc1, f 2 = DNc2;

I KO�kfj = f 1
j + w j f 2

j , 0 ≤ j ≤ N − 1

fj = f 1
j − w j f 2

j ,N ≤ j ≤ 2N − 1

MATLAB¢y
f 1 = fft(c(0 : 2 : 2N − 2)) ∗ N;
f 2 = fft(c(1 : 2 : 2N − 1)) ∗ N;
A = w . ∧ (0 : N − 1)′;
f = [f 1 + A. ∗ f 2, f 1 − A. ∗ f 2].
~f:D1024�©)"

ØÓ/ª�FFT

I DIT U�mÄ
�µX [k] = P(k/2) + W k

NS(k/2)
Cooley-Turkey �{(1965),
Gauss(1805);
5¿: ÑÑ�&Ò^S=�?�L«
�_S!

I DIF UªÇÄ� X [2k] =∑
(x(j)+x(j+N/2))W jk¶X [2k+1] =∑
(x(j)− x(j + N/2))W jk

I Ä4��{,�±Ø^¦{!

I FFTW: ë��Õ¶

I A^: òÈO�(õ�ªO�)¶

k�&Ò�.

lÑ&Ò�k�&Ò?

I lÑ&ÒFIRXÚ: y(n) =
∑M

k=1 x(n − k)h(k)
Ý
L«: ~y = T~x ,T´ToeplitzÝ
"
(~é��Ý
)

I ±Ïòÿ&Ò:(DFT) ToeplitzÝ
→ Ì�Ý

I \": >.ªÇ�¦?

I é¡òÿ: DCT ToeplitzÝ
→ AO�é¡Ý

Fá�C�:

I Fá�C�Ý
DN = (w jk)N×N ,w = e−i2π/N

Pvk = (w0k ,w1k , . . . ,w (N−1)k). Kvk��|��Ä¶
DN=ÄC�¶

I ��A5: vk�¤kToeplitzÝ
�A��þ"

I k�&Ò DN~y = DNT~x = ΛDN~x



k�&Ò~f

I ���©Ý
A = 1
4


2 −1 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −1 2

,Fá�Ý


D4 =


1 1 1 1
1 i i2 i3

1 i2 i4 i6

1 i3 i6 i9


I B�A��:0, 0.5, 1, 0.5, =FIRXê�Fá�C
�h = (2/4,−1/4, 0,−1/4)
Y = HX

I ��²þÝ
B = 1
4


2 1 0 1
1 2 1 0
0 1 2 1
1 0 1 2


5¿:k�Ó�A��þÚ�Ó�A��!(�^SØÓ)

Ïé¢Xê�Fá�C�º
{¤:

I ëY&Ò: ¢�ó¼ê�Fá�C�´¢Xê�({uC�);

I lÑ&Ò: ��1974µRaouy DCT2 (^u%
CKarhunen-LoeveÄ,&ÒØ )

I 1985 Wang�Ñ8«DCT/ª¶

I 5P: lÑ¯K'ëY¯Kk�õ�E,5(>.^�)

Fá�C�Ý
���

©Ý
�A��þÝ


A0 =
2 −1 −1
−1 2 −1

. . .
−1 2 −1

−1 −1 2



I vk´A��þ§A��λk = 2− 2 cos 2kπ
N

I AO: A0´¢é¡Ý
§ØÓA��þ´�

�§�±À��¢A��þ"5

¿λk = λN−k .
ck = Re(vk) =

(1, cos 2kπ
N , . . . , cos 2(N−1)kπ

N );

sk = Im(vk) = (1, sin 2kπ
N , . . . , sin 2(N−1)kπ

N );

I Øv: ck��ÝØ��" c0, cN/2´
√

N,Ù

¦´
√

N/2!

k�&Ò�>.^�

ëY&Ò�>.^�µ

I ëY&Ò[0, π]�óòÿ¶�©�§: u
′′

= −u,

I ":>.^�: Neumann ^�u′(0) = 0

I π:>.^�éAØÓA�¼ê(A��)¶
Neumann ^�u′(π) = 0 → cos kx
½Dirichlet^�u(π) = 0 → cos(k + 1/2)x

k�&Ò�>.^�µ

I �©�§:A0v = −v

I lÑé¡òÿ: ���òÿ(meshpoint) u1, u0, u1

���òÿ(midpoint) u1, u0, u0, u1

I ü«>.^�§ü«òÿ§ü�à:��k8«DCTC�¶
��:�üà:�òÿ�ª��§kDCT1-4;
Ø��kDCT5-8;(¡�odd DCT)Ø~^¶

lÑ{uC���©Ý
DCT2

A0 =
∗ ∗
−1 2 −1

. . .
−1 2 −1

∗∗ ∗∗


A2 =

1 −1
−1 2 −1

. . .
−1 2 −1

−1 1



I ":�midpointòÿ¶u−1 = u0

Ý
1�1�(1− 1...);

I ":�meshpointòÿ¶u−1 = u1

Ý
1�1�(2− 2...);

I π:�Neumann^�; ���1Óþü«�
U¶

I π:�Dirichlet^�;�midpointò
ÿ¶uN = uN−1;
Ý
���1:(...− 13);

I π:�Dirichlet^�;�meshpointò
ÿ¶uN = 0;
Ý
���1:(...− 12);

AODCT2µüàÑ�midpointÚNeumann^�!



lÑ{uC�Ý
DCT2

DCT2

I A��þ:
ck = (cos(1/2)kπ/N, cos(1/2)kπ/N, . . . , cos(N−1/2)kπ/N);
A��:2− 2 cos(k + 1/2)π/N;

I DCT2Ý
�( 1√
N

cos(j + 1/2)kπ/N), 0 ≤ j , k ≤ N − 1.

AO´§´��Ý
!

I ¡Ù¥%(òÿ)�−1/2,N − 1/2,�Ý�N

I O�µ�±^FFT¢y¶

I A^µ JPEGØ ¶À�8× 8ã�¬§��DCT 2Xê¶Ø
 (D4)§IDCT¡E¶
éuk�'5�&ÒkéÐ�Ø õU!

lÑ{uC�Ý
9Ù¦

I DCT1,3����z(A��þ�ÝØ��),DCT4�±¶

I DCT5-8�Ä�þ”�Ý”�N ± 1/2Ø�BO�¶(�±é¡
*¿)

I í2: Malvar�Modulated-lappedC�: �E���CXã�
¬^uã�C�¶Dolby AC-3.�^DCT 4, 8;

I 5Pµ�ØÓ��©Ý
§|^A��þ�±��#�Ý


§�Uk#��Ð�ÄC�º

I ÄÀ��6u: êÆ§O�§Ú&Ò
Àú&Ò��ÅÄ�À�´g,�§<úw��´�Å!!!

Ïé�Ð�ÄC�?

À�Ä�Ì��¦:

I O��Ý: FFT,FWT

I °(%C: sparse DÕ&Ò

I ��5: F−1 = (FT )∗ �±vk!

�~f:

I ëY1w&Ò: Fá�Ä§¯K: Gibbsy�!

I kmä:�&Ò(ã�): �ÅÄ

I k���{: ©ã�5õ�ª¶

I �^%C: ©ã1wõ�ª¶

I Ù¦Ä: �©�§¦) Bessel¼ê§...

Harr�Å

I &Ò: x = (x1, x2, x3, x4) = (6, 4, 5, 1)

I $ÏÈÅì: £Ä²þ y = (x1 + x2)/2, (x3 + x4)/2

I pÏÈÅì: £Ä�© z = (−x1 + x2)/2, (−x3 + x4)/2

I ¡E&Ò: y , z → x

I �S�A^ÈÅì: yy = (x1 + x2 + x3 + x4)/4,
zy = (−x1 − x2 + x3 + x4)/4;2¡E&Ò¶

I �Ø &Ò!

�ÅC�

I &Ò: x = (x1, x2, x3, x4)

I $ÏÈÅì+üÄ�: y = (5, 3)

I pÏÈÅì+üÄ�: z = (−1,−2)

I S�A^ÈÅì+üÄ�: yy = 4, zy = 1;

I ���ÅXê(4,−1,−1,−2)

I ¡EÝ
:



ÈÅì|��ÅC�

H =

∗ ∗
h0(0) h0(1) ∗

h0(0) h0(1)
h1(0) h1(1) ∗

h1(0) h1(1) ∗
∗ ∗



I &Ò→ (üÏ�))ÛÈÅì| → �
ÅXê (pÏÈÅì�(J)
�ÅXê → Ü¤ÈÅì| → ¡E
�&Ò"

I Ý
C�:(Ù¥h0, h1�FIRÈÅìX
ê) Hx = y

I ¯��ÅC�FWTµS�A^)Û
ÈÅì§5¿H1/2�^3���Ý�

&Òþ" · · ·H1/4 · H1/2 · Hx = y
¦{gê: ��¯��{�HolyGrail!
(LN + L ∗ N/2 + L ∗ N/4 + . . . ) =
2LN = O(N),Ù¥L�ÈÅì�
Ý§N�&Ò�Ý"

I aqÜ¤ÈÅì|��_�ÅC�!

lHarr�Å�Ù¦

lk�Ý
�Ã¡ÈÅì

I Harr�Å5uDFT2, 5¿���kWalsh C�(Ý
��
��1,−1)"

I Harr�ÅI�^$Ï§pÏÈÅì(Ã¡�)ÚþeÄ�$
�¶

I &Ò�>.I�*Ü(é¡,\",±Ï);

Proposition (þeÄ��ªÇ�A)

(↓ 2)(e iwn) = 1
2(e iwn/2 + e i(w/2+π)n) ,(↑ 2)(e iwn) = e i2wn.

AO (↑ 2)(↓ 2)(e iwn) = 1
2(e iwn + e i(w+π)n)

N: �Å~^é¡*Ü§AO&Ò�*Ü�ª(Û½ó*Ü)�$
ÏÈÅì�é¡5��!
Harr�Å´��é¡§���Å"

^�PRµ�ElÑ�ÅÄ
Daubechies:V��,�3W̃ ·W = Id .
�)ÛÈÅì|h0, h1,Ü¤ÈÅì|f0, f1.
^�PR: F0(z)H0(z) + F1(z)H1(z) = 2z−l

F0(z)H0(−z) + F1(z)H1(−z) = 0

I ÏJXÚ�����duªÇ�A´��l�ò´§��
§�"Harr�Åò´�1.

I þeÄ��)·UªÇw + π,7L���du�§
�"e i(w+π) = −e iw

I {üÀ�: F0(z) = H1(−z),F1(z) = −H0(−z)§½Â¦È$
ÏÈÅìP0(z) = F0(z)H0(z), �d^
�µP0(z)− P0(−z) = 2z−l .
AOµP0(z)�õ�ª�Ûê�XêØz−l	Ñ�""

I �5zÈÅì(half-band) P(z) = z lP0(z),PR^�
�P(z) + P(−z) = 2

~f:5/3ÈÅì, h0 = (−1, 2, 6, 2,−1)/8, f0 = (1, 2, 1)/2
h1 = (1, 2, 1)/4, f1 = (1, 2,−6, 2, 1)/4.

ÈÅì�O~f

ÈÅì|�OµÀ�P0(z),À�H0. ��H1,F0,F1.

EXAMPLE (maxflat ÈÅì)

¦ÈÈÅìP0(z) = 1
16(−1 + 9z−2 + 16z−3 + 9−4 − z−6) 6�"

::4�z = −1§9c = 2 +
√

3, 1/c

I 2/6ÈÅì½(6/2): �H0(z) = (1 + z−1)/z,
1
2(1, 1), 18(−1, 1, 8, 8, 1,−1)

I 3/5ÈÅì½(5/3):�H0(z) = (1 + z−1)2/z2,
1
4(1, 2, 1), 14(−1, 2, 6, 2,−1)

I 4/4��ÈÅ
ì(Daubechies):�H0(z) = (1 + z−1)2(c − z−1)/z3,
1
8(1 +

√
3, 3 +

√
3, 3−

√
3, 1−

√
3), 14(1−

√
3, 3−

√
3, 3 +√

3, 1 +
√

3)

5¿µ���H0XêÚ�1,F0�XêÚ�2. ~^5/3§6/2ÈÅ
ì"AOJPEG2000¦^9/7§5/3ÈÅì"



Fá�C�VS �ÅC�

I ëY&Ò: Fá�
Äcos t, sin t → w(t), φ(t)

I Fá�C�:�m�ªÇ�§�ÅC
�: �m�� õºÝ©)(ÛÜ�ª
&Ò)

I Harr�Å:()�ã�)
²þµΦ(t) = Φ(2t) + Φ(2t − 1)
[!: w(t) = φ(2t)− φ(2t − 1)
S�k: wjk(t) = 2jw(2j t − k)

I �ÅÄ�`:: ÛÜÄ§�\
[(refine),¯�§k�%C(!!!).
k��Ú�^¼ê=¢ycn^.

L2�m��ÅÄ�ºÝ�§

I L2¼ê��Å©):
f (t) =

∑
akφ(t − k) +

∑∑
bjkwjk(t)

I ºÝ�§(refinement equation)
φ(t) = 2

∑L
k=0 h0(k)φ(2t − k)

�Å�§ w(t) = 2
∑L

k=0 h1(k)φ(2t − k)
5¿: h0.h1=ÈÅìXê!

I ºÝ�§�): {ü/ª=B�^¼
ê(Harr�Å�EÜ) ��ëY/ª�)é
E,§�Daubechies �Å1D)Ú2D)"

I �Å�m�©): V0 = {
∑

akφ(t − k)},
W0 = {

∑
ckw(t − k)},

V1 = {
∑

bkφ(2t − k)}.
ºÝ�§+�Å�§→ V0 + W0 = V1,
�gkV0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ V∞ = L2

I ��^ÈÅì¢ylÑ�ÅC�!

lÑ�ÅÄ��E

|^φ(t) = 2
∑L

k=0 h0(k)φ(2t − k)§ �Eh0,¦)φ(t),
***l��h1§±9Ü¤ÈÅì|�$Ï§pÏÈÅìf0, f1.
Ä�¯Kµ

1. �35µºÝ�§k)�¿©^�(^�E)
�¼©Ûµ�duφ(t − k)´�|½Ä(Riesz basis).

2. °(%C: k��%C�¿©^�(^�Ap)

3. ���(V��Ä)µ�3Ü¤ÈÅì| Perfect
Reconstruction (^�PR)

4. (***) ��Äµ^�O

^�EÚ^�Ap

^�E: T = 2(↓ 2)H0HT
0 �¤kA��λ < 1, Ø��{üA��

�1

I Cascade�{µφi+1(t) = 2
∑L

k=0 h0(k)φi (2t − k)
φ0(t)��[0, 1]þÝ/Å"½n:φ(t)�;�|8�[0, L]. ë
�cascade.m

I ~fµÂñ h0 = (14 ,
1
2 ,

1
4) → hat¼ê

Daubechies:h0 = 1
8(1 +

√
3, 3 +

√
3, 3−

√
3, 1−

√
3)

ØÂñµh0 = (2/3, 1/3)

I 7�^�:ªÇ�AH0(π) = 0, LÈAC&Ò!

^�Ap: M = (↓ 2)2Hkp�A��1, 1/2, . . . , (1/2)p−1.

I f�p�%Cµ?�f�ÙÝK��Å�mVp¥��Ø�¿©

�"

=|f (t)−
∑

ajkφjk(t)| ≤ C 2−jp|f (p)(t)|
I �d^�1: ªÇ�AH0(z)k��p�":3z = e iπ.
�d^�2µ

∑L
k=0(−1)kkmh(k) = 0,m = 0, 1, . . . , p − 1



Karl Poper: In search of a better world(basis)?

f (t) ≈
∑

ckφk(t): �éØÓ&ÒN�ÏéÜ·�Äº

I �5C�µÀ�cN�Xêµ (¦^Fá�Ä½�ÅÄ)

I ��5C�µÀ�cN����Xêµ��|¢(basis
pursuit)

I DÕC�µ4�zUþ||f −
∑

ckφk |+ α
∑
|ck | (Lasso)

5¿µDÕL«�¦l0�ê�§�^l1�ê�Ð�§
�Donoho�y²µ VÇ¿Âe§^l1�êé��´�(
�"

I 1wL«µ4�zUþ||f −
∑

ckφk |+ α|
∑

ckφk |TV
Total Variation �ê~^uã�?n"

�Ù�\ÆS¯K

Nþ�'¯K±B�§Ï"�wÀJµ

I Ä�4½Ù¦�FFTC�;

I FFT�A^¶

I DCT4½Ù¦a.�DCTC�¶

I JPEG�DCT�{{0¶

I {ü�Å(B�^)�~fÚA^¶

I JPEG2000�DWT�{{0¶

I ã�üD��Å�{¶
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Chapter 5: �Å&Ò����¦
Random signals and Least squares

�Å&Ò�.

�Å&Ò

Ì©)�ARMA�.
�.�ëêÚ�O

���¦�ÈÅì�{¢y

���¦�ÈÅì

���¦�4í�{Þ~

�BÈÅì�Levinson�{

ë�Öµ

ÜRÀ�µ lÑ�Å&Ò?n§�u�ÆÑ��"2005
G.Strang: Computational Science and engineering:

ý¢.�&Ò?n

ý¢&Ò=n�&Ò+DÑ&Ò=x(t) + e(t)→ h(n)→ x(t) ¡E
&Ò

I ý¢&Òµ�¹Ø(½5§Ø���ýÏÙ�"

&ÒL«µ(lÑ)�ÅL§"¹�mCþ��ÅCþx(t, ξ)
n�&Òµ¼ê�mL«¶L2

DÑ&Ò: �{ü´xDÑ�ÅL§(��Ø�ýÏ)¶
~�DÑ: >��6>DÑ60â[§ã��þíDÑ��;

I ÚO&Ò?n: &Ò�²þ�ÚOA�´(½�,�±|^ê
âÚOþ�O&Ò�ÚOA�"

Ì�SNµ &Ò©Û(Ì�O)
&ÒÈÅ(�5ÈÅWienerÈÅì§���¦§g·AÈ
Å§KalmanÈÅ).
A^:�Ñ?n§�D§&Òýÿ§£O�"

�ÅCþ

Remark (�ÅCþ)

I VÇ�mµ(X ,S,P)

I �ÅCþ´��N�: x : X → R, ¦�
{x(ξ) < a}´�¯�(�ÿ8);

I CDF©Ù¼êµFx(a) = Pr(x(ξ) < a) PDF�Ý¼ê
fx(a) = F ′(a)

Remark (�Å�þ)

I M��Å�þµx̄ = (x1, x2, . . . , xM)

I CDF©Ù¼êµFbarx(ā) = Pr(xi (ξ) < ai , 1 ≤ i ≤ M)
PDFéÜ�Ý¼ê fx(a) = ∂x1 . . . ∂xMF (a)

I >S�Ý¼êµfxi =
∫
. . .
∫
fx(a)dx1 . . . dxi−1dxi+1 . . . dxM .

Õá�ÅCþµ fx1,x2(a, b) = fx1(a)fx2(b)



�ÅCþ�A�

Remark (ÚOA�)

I Ï":E (x) = µx =
∫∞
−∞ afx(a)da

I ��µσ2x = Var(x) =
∫∞
−∞(a− µx)2fx(a)da

IO��µσx ;

I moments: rm = E ((x − µx)m) =
∫∞
−∞(a− µx)mfx(a)da p�

Ý"

n�Ýµskewness ��Ç§o�Ýµ kurtosis ¸Ý
A�¼êµ Φx(s) = E (exs) =

∫
fxe

sada

EXAMPLE

I þ!©Ù:fx(t) = 1/(b − a), a ≤ t ≤ b, µx = (b + a)/2,
σx = (b − a)2/12

I pd©Ùµfx(t) = 1√
2πσ2

x

e
− (x−µx )

2

2σ2
x

�'Ý


Remark (�Å�þÚOA�)

I Ï"�þµµx = (µ1, . . . , µM)

I g�'Ý
: Rx = E (x̄(ξ)x̄ ′(ξ)) = [rij ]
g���Ý
µ Γx = E (x − µx)(x − µx)′ = γij = Rx − µxµ′x

I p�'Ý
: Rxy = E (x̄(ξ)ȳ ′(ξ)) = [rij ]
p���Ý
µ

Γxy = E (x − µx)(y − µx)′ = γij = Rxy − µxµ′y

Proposition (�'5)

x , y´Ø�'�XJΓxy = 0
x , y´���§XJRxy = 0
x , y´Õá�§XJfx ,y (a, b) = fx(a)fy (b)

lÑ�ÅL§

Definition (lÑ�ÅL§)

�½���mX = {ξk},��X�êx(n, ξk)¡�lÑ�ÅL§½
lÑ�ÅS�"

�½n, x(n, ξk)´���ÅCþ¶�½ξk , x(n, ξk)´����S
�¶

Proposition (£ã)

I éÜVÇ©

ÙµF (x1, . . . , xM ; n1, . . . , nm) = Pr(x(ni ) ≤ xi , 1 ≤ i ≤ M

I ÚOA�:µ(n) = E (x(n)), σ(n);

I g�'Ý
µr(n1, n2) = E (x(n1)x(n2)
g���Ý
µγ(n1, n2) = r(n1, n2)− µ(n1)µ(n2)

IIDµp�Õá��ÅL§¶ Ø�'L§¶��L§µ±ÏL
§¶

²�Å&Ò

�ÅL§x(n)�x(n + k)�ÚOþ�Ó"

Definition (SSSî�²&Ò)

XJéÜ©Ù�Ý¼ê÷vµ?Ûk¤á
f (x1, . . . , xM ; n1, . . . , nm) = f (x1, . . . , xM ; n1+k , . . . , nm+k)

p�Ý²(��mÃ'),��p = 2

Definition (WSS°²&Ò)

�Å&Ò÷v,

1. µ(n) = µx

2. var(x(n)) = σ2x

3. rx(n1, n2) = r(|n1 − n2|) = r(k),¡�g�'S�"



²&Òg�'S�

Proposition

I rx(0) = σ2x + |µx |2 ≥ rx(k)

I rx(k) = r∗x (−k)

I �K½
∑

k

∑
m ak r(k −m)a∗m ≥ 0

Remark (Ù¦²^�)

I ì?²:x(n) ∼ x(n + k), k →∞
I Oþ²:x(n)− x(n + k)²¶

I H{5:k��m�²þÚO�4��uÏ"�
E (x(n)) = limN

1
2N+1

∑N
i=−N x(i)

E (x(n)x∗(n − k)) = limN
1

2N+1

∑N
i=−N x(i)x∗(i − k)

õÇÌ

Definition (õÇÌ�Ý)

®�²&Òx(n)�g�'S�r(k)§½Â�ÅL§�õÇ
ÌPSD: S(e iω)�r(k)�lÑ�mFá�C�"¡�õÇÌ�Ý"
klÑ�mFá�_C��±��r(k).
ZC�: S(z) =

∑
n r(k)z−k

5P:��&Ò�lÑ�mFá�C�(ªÇÌ)´�Å�²�x
D(!

Proposition

I õÇÌ�Ý±Ï�2π�¢¼ê¶

I �K½ S(e iω) ≥ 0

I &Ò�²þõÇ:P(x [n]) = E (x2[n]) = 1
2π

∫ π
−π S(e iω)dω

xD(: w(n) ∼WN(µ, σ2)
r(k) = σ2δ(k), S(e iω) = σ2.

;.~f

EXAMPLE
x(n) = A cos(w0n + φ) + v(n),Ù¥A´�~ê§φ´[0, 2π]þþ!
©Ù�ÅCþ§v(n)ÑlÕá�pd©ÙN(0, σ2).

O�k:
E (x(n)) = 0
r(n1, n2) = 1

2A
2 cos(w0(n1 − n2)).

AOg�'Ý
´ToeplitzÝ
!
S(w) = σ2 + 2πA2

∑
δ(w − w0 − 2πk)

LTIXÚ�^u²&Ò

Theorem (�35)

�½x(n, ξ)´k�Ï"�²�ÅL§§ÏLBIBO½LTIX
Úh[k],�� y(n, ξ) =

∑
k h[k]x [n − k; ξ]

y(n, ξ)UVÇ1Âñ§�XJx(n, ξ)��k�§KÑÑ�´��
k�§�§´²�ÅL§"

LTIXÚ�XÚ�A:�m�

I ÑÑÏ"µ(y [n]) = µ(x [n])H(e i0)

I p�'Xêrxy (k) = h(−k) ∗ rxx(k)

I g�'Xêry (k) = rh(k) ∗ rx(k),
Ù¥rh(k) = h(n) ∗ h(n − k)§�XÚ��'S�" AOÑ
ÑõÇPy = ry (0) =

∑
k rh(k)rx(k).

LTIXÚ�XÚ�A: ªÇ�

I zC� Sy (z) = H(z)H(1/z)Sx(z)

I gõÇÌ Sy (e iω) = |H(e iω)|2Sx(e iω)

I gõÇÌ�U��XÚ�ÌÝ�A§ØU��� �A"



Ì©)½n***

Definition (�K�Å&Ò)

XJ²�Å&Ò÷vPaley-Wiener^�¡��K�¶
=
∫ π
−π | lnS(ω)|dω <∞

Theorem (Ì©)**)

XJ²�Å&Ò´�K�§7k©)

S(z) = σ2Q(z)Q∗(1/z∗), =S(ω) = |Q(e iω)|2σ2
Ù¥Q(z)´��� XÚ"

?�²&ÒÚxDÑ&Ò�±ÏL���_��� XÚp�

��"

·ÜL§

Remark
²&Ò¹këY�õÇÌÚlÑ�õÇÌ(�Å&Ò),¡�·Ü
&Ò"

Theorem (Wold©)½n)

?�²L§x(n)�±�¤x(n) = xr (n) + xp(n),Ù¥xr (n)´�
KL§§xp(n)´lÑÌ��ýÿL§" �E (xrxp) = 0(��).
rx(k) = rr (k) + rp(k),�±�¤ xr (n) =

∑
k bkv(n− k)(MA(∞)L

§"

xp(n) = −
∑

k a(k)x(n − k).

Theorem (Kolmogorov½n)

?�ARMAL§�±^Ã¡�ARL§L«"

ARMA�.

Definition (ARMA�§)

XJ²�Å&Ò÷v

x(n) = −
∑p

k a(k)x(n − k) +
∑q

k b(k)w(n − k), Ù¥w(n)´xD
ÑÑ\;¡�ARMA(p,q)L§"g£8£Ä²þ�."

�XÚ¼ê H(z) = B(z)
A(z)

~f:

I MA�. =ARMA(0,q)�.§x(n) =
∑

b(k)v(n − k),�"
:�."

�K�²�ÅL§µ�9Ñ(Ø^(��Ä��Ñ),ëY�
õÇÌÚ

I AR�.: =ARMA(p,0)�
.§x(n) =

∑
a(k)x(n − k) + w(n),�4:�."

�ýÿL§§�Ñ9¹(��Ä�9Ñ§[±Ï5¶lÑ�

õÇÌ

Yule-Walker�§

AR(p)�.
∑p

k=0 akx(n − k) = w(n)
ü>Ó�¦±x∗(n −m),�Ï"
E [
∑

k a
∗
kx(n − k)x∗(n −m)] = E [w(n)x(n −m)]

dÏJ5w(n)�x(n −m)Ø�'¶ m = 0;σ2w =
∑

ak r(k)
m > 0;

∑p
k=0 a

∗
k r(m − k) = 0

Rx~a = −~r�Yule-Walker�§"
~a = (a1, . . . , ap),~r = (r∗(1), . . . , r∗(p))

r(0) r(1) · · · r(p − 1)
r∗(1) r(0) · · · r(p − 2)

...
...

...
...

r∗(p − 1) r∗(p − 2) · · · r(0)



a1
a2
...
ap

 =


r∗(1)
r∗(2)

...
r∗(p)





�.ëêO�

O2�§µRp+1ap = σ2wu
r(0) r(1) · · · r(p)
r∗(1) r(0) · · · r(p − 1)

...
...

...
...

r∗(p) r∗(p − 1) · · · r(0)




1
a1
...
ap

 =


σ2w
0
...
0


|^r(0), . . . , r(p)�±¦ÑapÚσ

2
w .

¢S¥A^*ÿ��OR,¦ëê"
5¿: ARMA,MA�.éA�¦ëê�§´��5�!

�O¯K

�½êâx(0), x(1), . . . , x(n − 1), |^�ÅCþ�O(½ëê
θ := θ̂ = g(x(0), . . . , x(n − 1)).

I �Oì�5Uº�ý¢���åº

I ´Ä�`ºN�é��`�Oº

Definition (�O©a)

I �Oì�5U:
I Ã �O: E (θ̂) = θ
I ì?Ã : n→∞, limE (θ̂) = θ
I k �O: b(θ) = E (θ̂)− θ

I �`OK:

þ�Ø�OK(MSE): mse(θ̂) = E
[
(θ̂ − θ)2

]
���O: n→∞,mse(θ̂)→ 0.

n��Oìµ����Ã �Oì(MVU)

Ý�O

I Ã þ��O: µ̂x = 1
N

∑
x(n)

xD(L§��: Var(µ̂x) = σ2x/N

��L§:Var(µ̂x) = 1
N

∑
(1− |k|N )cx(k),cx�x����¼

ê"

I k ���O: σ̂2x = 1
N

∑
(x(k)− µ̂x)2

xD(L§�E (σ̂2x) = N
N−1σ

2
x , ìCÃ "

��L§:Var(σ̂2x) ≈ c4x
N , c4x´x�o�¥%Ý"

I g�'�O

r̂x(k) =


1
N

∑N−1
n=1 x(n)x∗(n − k) 0 ≤ k ≤ N − 1

r̂x(−k) −(N − 1) ≤ k < 0

0 otherwise.

ì?Ã ¶g�'Ý
´��½¶��ªu"(���O);

EXAMPLE ({ü�ÅL§)

x(n) = A + w(n),w(n)´WGN(0, σ2)xD("�OA.

�5Å/�O: Wiener ÈÅì

EXAMPLE
®�&Òx1(n), x2(n), . . . , xk(n),�O&Òy(n).

� ˆy(n) = H(x1, x2, . . . , xk)����O&Ò"
Ø�&Òe(n) = y(n)− ŷ(n).
AOk�5�O§H´�5¼ê"

Remark (�Z�Oì)

Ø�e(n)÷v�½OK��Oì"
���KÓ��§|e(n)|, |e(n)|α.
�:MMSE��þ�²�Ø�L(n) = E [|e(n)|]2.
Gauss 19VuÐ¶
WienerÚKolmogorov �ZÈÅ¶ Kalman�?�ÚuÐ¶



~f

EXAMPLE (array signals)


�&Ò?n: xk(n)´�m&Ò§y(n)´,�����O&Ò"

EXAMPLE (&�þï)

y(n) = s(n) + e(n),�EÈÅìŷ(n) = y(n) ∗ h(n) = s(n).

EXAMPLE (linear predictor)

�5ýÿµy(n) = x(n),dx(n − 1), x(n − 2), . . . , x(n − k)�O"
�cýÿ9��ýÿ"

EXAMPLE (inverse system)

_XÚµLTIXÚ ŷ(n) = h(n) ∗ x(n),Ø�e(n) = y(n)− ŷ(n)"

�5þ�Ø��O

Definition (LMMSE)

�ŷ [n] =
∑

ck [n]xk [n],=Ŷ = C τX,
=X´êâ�þx1, x2, . . . , xk ,C´Xê�þ"

Definition (Ø�¡)

Ø�OKP = E (|e|2) = E (|ŷ − y |2)§
P(C ) = E ((C τX − y)2) = E |y |2 − C τd − dτC + C τRC,
Ù¥d = E (xy),R = E (xxτ ,P(C )¡��O�Ø�5U¡"

�R�½�k����)" XJ¦^knXÚ§Ø�5U¡�
U��g¡"

{�§

Remark (¦)L§)

��{P(C ) = E |y |2 − C τd − dτC + C τRC
P(C ) = E (y2)− dτR−1d + (RC − d)τR−1(RC − d), XJR�½§
������¿�^�RC0 = d; Pmin = Py − dτC0.
r11 r12 · · · r1k
r21 r22 · · · r2k
...

...
...

...
rk1 rk2 · · · rkk

 ∗

c1
c2
...
ck

 =


d1
d2
...
dk

 ; rij = E (xixj); di = E (xiy)

±þ¡�{�§"

Corollary (��5)

{�§�)÷vµ�OØ�e0Úx��"E (xe0) = 0. A
OE (ŷ e0) = 0.

Wiener-Hopf �§

Remark
�`FIRÈÅì:|^Ñ\&Òx [n]���§�OÏ"&Òy [n]§
AOk�5�Oŷ [n] =

∑M
m=1 h[n, k]x [n −m] = C τ [n]X [n]

éALTIXÚ§ C [n]��mÃ'§´~ê!

Proposition (²L§�`FIRÈÅì)

PR�g�'Ý
£Toeplitz)§rk = E (x [n]x [n − k]), p�'¥
þd = [di ] = (ryx(i));�LTIXÚXêH[k],

Wiener-Hopf�§µ
∑k=M

k=0 h[k]r(n − k) = ryx(n) = dn.
MMSEP(C0) = Py −

∑
h[k]ryx(k)

Remark
��Ø^�`IIRÈÅì, IIR�±dFIR%C¶FIR��§´�5�
§!



�`�5ýÿÈÅì***

I �5ýÿ: |^&ÒÙ¦��(�m)5�O,����&Ò
�"

c�ýÿµ-y [n] = x [n],xk [n] = x [n − k], 1 ≤ k ≤ M§
Pŷ = x(n|XM−1),
��ýÿ:
-y [n] = x [n −M],xk [n] = x [n −M + k], 1 ≤ k ≤ M§
Pŷ = x(n −M|Xn),

I c�ýÿ�§: Rg�'Ý
§dk = rxn−ky = r(−k);
Wiener-Hopf�§: Rh0 = ~r
MMSE P0 = r(0)− dτh0.

I ��ýÿ�§: Rg�'Ý
§dk = rxn+1−ky = r(M + 1− k);
Wiener-Hopf�§: Rh0 = ~rB

MMSE P0 = r(0)−~rBh0.

Wiener-Hopf �§ÚYule-Walker �§

I c�ýÿØ�ÈÅìe(n) = x(n)−
∑

h[k]x [n − k]
Wiener-Hopf�§: Rh0 = ~r

I AR(p)�.XêO�
∑p

k=0 akx(n − k) = w(n)¶
Rx~a = −~r�Yule-Walker�§"

I Wiener-Hopf �§ÚYule-Walker �§���5"
O2�§µRp+1ap = σ2wu
r(0) r(1) · · · r(p)
r∗(1) r(0) · · · r(p − 1)

...
...

...
...

r∗(p) r∗(p − 1) · · · r(0)




1
a1
...
ap

 =


σ2w
0
...
0


I ÈÅì�{�¢y'�´¦)±þ�§!

ÈÅì��O¢y

Remark (�O)

1. ¦){�§"��XêC¶

2. O�MSE P(C ),�y÷v�O�¦¶

3. O��O�ŷ¶

I {�§¦)�^?Û�{§�¢^¥�^�k��{¶

I �ê�½�{ vs �ê48�{

I ®�&E´��Ý¶AOk�ØCXÚ§��Ý�~ê!

Remark (�{�Ç)

I Gauss��{:O(M3)

I LDU©)µO(M2)

I Levinson48�{: O(M2)�¹¤k$��O¶·�Pm�
�Oŷm¶éAXê~Cm,Ý~dm.

¢^ÈÅì

I WienerÈÅì´n�ÈÅì"®�^�µ&Ò���ÝR±
9&Ò�8I��'Xêrdx .

I ���¦ÈÅì: °²L§§®�x(n), d(n), �OR, rdx .
LSÈÅì�{�§�R̂~C = ~rd , ��UþE = Ey − ~rd

τC .

Ù¥R̂ = ~X τ ~X , ~rd = ~X τd .
I g·AÈÅì: �°²L§§®�x(n), d(n),
�C�5�§Atwt = Dt§Uþ(���¦)E = |Aw − D|2,
���^S��{O� wt+1 = wt −∆E , 'XNewton�
{"

g·AÈÅì´ÆSL§§Âñv
¯§l�UCÈÅì

Xê§·AØÓ�¸"

I KalmanÈÅìµ�°²L§§�C�5�
§Dt = Atwt + b§ �kG��§wt+1 = Fwt + c ,Ù¥b, c´
DÑ½Ø�"

���^S��{: KalmanÈÅì�{('��¡§Ñ�).�
g·AÈÅì�3éA"

±þ�{�¢y�6uA^�5�ê¥�Ä�(J"



A^�5�ê�Ý
©)

�5�êÄ�¯K:Ax = b¦)§Ax = λx¦A��"
¯��{�Ä::Ý
©)

I A = LU: en�Ý
Úþn�Ý
�¦Èµ
pd��{ (L,U) = lu(A);

I A = QR ��Ý
Úþn�Ý
�¦È¶
Gram-schmidt��zµ
Household C�: H = I − 2uuτ´��Ý
§´±u�{�þ
�²¡?1���Ý
C�"

��MATLAB qr(A)^1�«(�½);

I A = UΣV τ SVD©), U,V��Ý
§
�rank(A) = r ,Σ = diag(σ1, . . . , σr )
5¿: AτAvi = σ2i vi ,AA

τui = σ2i ui ,σi¡�ÛÉ�"
Matlab: svd(A), svd(A, 0).
AOkA =

∑
uiσiv

τ
i ,Ý
deZ�þ�¦È��û½§

¡ui , vi�Karhunen-Leove Ä(AOé¡Ý
ui = vi ).
�A^uPCA§ã�Ø ��(��Ýú!).

{ü~f

EXAMPLE
�O��&Ò�þ�µ,®�&Òx1, x2, . . . , x99,�±½Â
µ =

∑
xi/99, #������x100§K#�O�µnew =

∑
xi/100

I �5�§�Aµ = X ,Ù
¥A = (1, 1, . . . , 1)τ ,X = (x1, x2, . . . , xn)τ .

I ���¦)(�_);AτAµ = AτX , µ = (AτA)−1AτX
AOùpAτA = 99.�y�O´�(�¶

I F"Ø��)�§§|^old)��#�)
µnew = µold ∗ 99/100 + x100 ∗ 1/100
!!! µnew = µold + 1/100(x100 − µold)
1/100¡�OÃÏf(gain factor), (x100 − µold)¡��
#(innovation)!

���4í�{

EXAMPLE
�Ac = d,®�Aoldcold = dold ,O\#êâAnew , dnew (�1). �±
��cnew = cold + (AτA)−1Aτnew (dnew − Anewcold).

I Aτ = [AτoldA
τ
new ],Dτ = [dτoldd

τ
new ]

I ���¦)(�_);AτAc = AτD, c = (AτA)−1AτD

I �\��¦)=�"

I (AτA)−1Aτnew¡�OÃÏf(gain factor), Ï~P
�K (Kalman),��´Ý
! (dnew − Anewcold)¡��
#(innovation)!

Kalman ÈÅì�{ü~f

EXAMPLE
�O��¾<�%au,®�&Òx1, x2,�±½Â u =

∑
xi/2, X

Jk%a��mO\Cú=u2 − u1 = α, KATXÛ�Oº

I �5(�C)�§�A(u1u2) = X ,Ù
¥A = (1, 1)τ ,X = (x1, x2)τ .

I O\kG��§u2 − u1 = α,

I |Ün��§§��#��5�§|A∗u = X
���¦)(�_);Aτ∗A∗u = Aτ∗X , u = (Aτ∗A∗)

−1Aτ∗X
�±��¦) ku2 = (x1 + 2x2 + α)/3, u1 = (2x1 + x2 − α).

I 4í¦)µ'�z�Ú4í�¹üÚ!
G��§ýÿ:un+1|n = Fun|n + α
���§µun+1|n+1 = un+1|n + K (xn − Aun+1|n)

I ��k�~E,§�9Ý
�_(ë�Woodbury-Morrison Ý

_úª);

I �mCz¬UC®k�O! AT�k1wL§, =un|n+1¬u

)Cz§�k#�4íL§"



A~µc�ýÿØ�ÈÅì

m�Wiener-Hopf�§: Rm
~hm = ~rm

O2�§µRm+1 ~am
τ = (Pm,~0)τ , ~am = (1, ~hm)τ .

¦)m + 1�O2�§

I |^Rm+2�Toeplitz5�kü�©)

Rm+2 =

[
Rm+1 ~rm+1

~r τm+1 r(0)

]
=

[
r(0) ~r τm+1

~rm+1 Rm+1

]
I 5¿��c§��ýÿm��§�)´�S'X:

Rm+1( ~am
B)τ = (~0,Pm)τ

I - ~am+1 = ( ~am, 0)τ + km+1(0, ~am
B)τ

�\m + 1��§§
k(Pm+1,~0m) = (Pm,~0m−1, δm) + km+1(δm,~0m−1,Pm) Ù
¥δm = ~rm+1

B ~am.
=kü��§Pm+1 = Pm + km+1δm, δm = −km+1Pm

=km+1 = −δm/Pm,Pm+1 = (1− km+1)2Pm.

I ¡km�m���Xê§δm� �'Xê"

Levinson-Durbin �{

m�Wiener-Hopf�§: Rm
~hm = ~rm

O2�§µRm+1 ~am
τ = (Pm,~0)τ .

1. Ñ\ r(0), r(1), . . . , r(m);

2. Ð©zµP0 = r(0), δ0 = r(1), k0 = −δ0/P0, a1 = k0

3. m�gO\;O�Pm = Pm−1 + δm−1km−1,
~rm = (r(1), r(2), . . . , r(M))τ ,
δm = ~rm+1

B ~am,
km = −δm/Pm,

~am+1 =

[
~am
0

]
+

[
0
~aBm

]
km¶

4. �yPm+1 = Pm + δmkm´Ä÷v^�

5. ÑÑ~am, km,Pm.

Levinson�{
)û?�~dm��/§��¡�Levinson�{¶
���Levinson�{©)�üÜ©µ�Ü©48�5ýÿ~am
(Levinson-Durbin �{); ,�Ü©48O��`ÈÅì(Xê);

1. Ñ\µ~rm, ~dm,Py

2. Ð©zµP0(c) = Py , δ0(c) = d1, k0(c) = −δ0(c)/P0(c), c1 =
k0(c)

3. Levinson-Durbin O�µ~am+1 =

[
~am
0

]
+

[
0
~aBm

]
km¶

4. O�Xêµδm(c) = −~cτm~rBm + dm+1, km(c) = δm(c)/Pm(c)

~cm+1 =

[
~cm
0

]
+

[
0
~cBm

]
km(c)¶

5. �yPm+1(c) = Pm(c) + δm(c)km(c)´Ä÷v^�

6. ÑÑ ~cm, km(c),Pm(c),~am, km,Pm.

���±�EAO��ª(�|^Cholesky©)��¢y�{¶
R−1m = LmD

−1
m Lm,Ù¥LmdLevinson-Durbin���en�X

êan,n−jÝ
§Dm = diag(P1, . . . ,Pm). �\���)�§!
Schur�{µ��O�km,ØO�am;

Beyond Least squares �����¦{

���¦�L2�

I ���¦{´A^�2���{µ

I A^þéA{üëê�þ���²;ÚO�.

�§Ac = D´over-determined: �§êõu��Cþê¶

I L2��y�NØ��§��Uk��ÅÄ�Ã{�Ø¶

DÕØ �L1�

I y�)Ô&E§ã�§ÄÏL«�+�uÐé¯¶

I A^þéA���E,(ëêõ)����ê��p�ÚO¯
K¶

�§Ac = D´under-determined: �§ê��u��Cþ
ê¶

F"^����Cþ�ê���ÐL0�"DÕL«!!!

I L1�´L0��%C, ÚO¿Âþy²L1���)éA�L0þ
���)¶

ïÄ�3UY!



Mathematical Methods in Signal Processing 1

EXERCISE ONE
��4/11�,�"þÅ���>f�4/11c�e�" �***KÀ�"

1. PL2(R)�E²��È¼ê(f : R → C), ½ÂE�È¿�yÙ´�
�Hilbert�m"

2. O�±Ï�2�Û�Å�Fá�?ê¶

3. �½�©�§u′′ + a2u = f(t),®��f(t) = δ(t)�§��Ä�)G(t) =
e−a|t|/(2a).y²µ�½?¿¼êf(t)�)� G(t) ∗ f(t).

5µ|^Fá�C�"

4. �Ñpd¼êL�ª§`²ÙáuSchwartz�m§O�ÙFá�C�"

5. y²µFá�C��éó5µ=F = f̂ , F̂ = 2πf(−t)"O� sin x
x �Fá�

C�"

6. y²: (1) XJü �A&Ò÷vh(t) = 0, t ≤ 0(¡�ÏJ&Ò),KXÚ´
ÏJXÚ"

(2) XJü �A&Ò÷v
∫
|h(t)| < ∞, KXÚ´BIBO½XÚ"(Ñ\

k.§ÑÑk.).

7. *** �y: �ê¼êeist´?�òÈ�fÚ²£�A��þ"

=?¿h(t) ∗ eist = λ(s)eist, Ts(e
ist) = λ(s)eist,Ù¥s��½ëê§t�C

þ"

þÅ��MATLAB

�¦J��M©�����1���'ãL§¿k�'(J�`²"

1. (&Ò�)¤�C�)

A:Á)¤±e&Ò���4096����S�(1)±Ï�2��Å(2)Matlab�Sinc¼
ê"

B:O�S��Fá�C�"xÑÙã/9ÙªÌ(�^fft)"

C:O�(1)Ú(2)�òÈ§xÑã/ÚªÌ"¿�y���òÈúª"

D:þ�§S(.m)9C¥�ã/(.fig ½.jpg)"

2. (ý¢&Ò�ªÌ©Û)

A: ÆSMATLAB demo: xpsound.m, ÆS&Ò�õÇÌ�Ý(PSD)ÚÌ
ã(Spectrogram)�½Â§ *	Ù¸�½�«��&Ò�'X"

B: gC¹\(Ñ)¤WAV©�½é���wav©�¶(�¦^�á��m
S�),Ö\&Òx(n);

C: �Ñ&Ò�õÇÌ�Ý(PSD)ÚÌã(|^¼ê periodogram(x), spec-
trogram(x)).

D: þ�wav©�9C¥ã/§`²&Ò�ã�'X¶
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3. (�[&ÒüD)

A:�E�S��DÑ&Ò(�^2¥&Ò\þ�ÅDÑrand¼ê);

B:�E�ê�k = 3(½�p)�þ�ÈÅì9¥ êÈÅì y(n) = mean(x(n), x(n−
1), x(n− 2)),y(n) = median(x(n), x(n− 1), x(n− 2))¿ÈÅ±þ&Ò"

C:xã�Ñ¤k&ÒÚÌ�Ýã§`²üD�J(�^sound¼êf)§'
�`²ü�ÈÅì�ØÓ"

D:þ��§S9C¥ã/"

E:(***) Á^��ý¢ã�¢y±þÚ½§`²¥ êÈÅì�Ð�±>
�&E"5¿µÈÅì´��Ý
"�^imfilter ½filter2¼ê"
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EXERCISE TWO
��5/9�,�"þÅ���>f�5/9c�e�" �***KÀ�"

1. (Dirac comb) ½Â4T (t) =
∑∞

n=−∞ δ(t − nT ),K Dirac comb´lÑ�±

ÏS�,y²ÙFá�Ðm�4T (t) = 1
T

∑
enWt, ?�ÚÙFá�C�

4̂T (t) = W4W (w),Ù¥W = 2π/T .

2. O�x(n) = cosnw, n ≥ 0�ü>LaplaceC�(nw¤¢ê),zC�ÚlÑ�
mFá�C�(DTFT),`²ÙÂñ�"

O�X(z) = z
z2+ω2�_zC�x(n).

3. �½��XÚH(z) = z
z−K ,K´~ê" �ÑÙéA��©�§(ÈÅì�

�L«).©OéK = 0, 0.5, 1��/©ÛÙªÇ�A§`²ÈÅìa.($
Ï,pÏ,FIR,IIR)"

4. �½ÈÅìy(n) + 5y(n− 2) = x(n) + 3x(n− 1) + 2x(n− 2).

a: �ÑXÚ�D4¼êH(z),¦ÑÙÀ-�Ah(n).

b: �Ñh(n)�ROC, XÚ�":Ú4:,¿�äXÚ�ÏJ5§½5"

5. y²: (1)XJlÑLTIXÚ´BIBO½�,KÙD4¼ê�Âñ�(ROC)�
¹ü 	"***���¤á"

(2) XJknD4¼ê�lÑLTIXÚ´BIBO½§KÙ¤k4:Ñ3ü
 �S(ROC�¹|z| ≥ 1).***���¤á"

6. (V�5C�) ½Âs = z−1
z+1 ,y²s�¥�ªÇwÚz�¥ªÇw′�'Xw =

tan(w′/2).

þÅ��MATLAB

�¦J��M©�����1���'ãL§¿k�'(J�`²"

1. (�[ü«���Ä�½n)

A: �E��ªÇk��&Ò(��eZ��u&Ò�Ú,Sa¼ê½gÀ(
Ñ©�)

B: �EÜ·Ä�ªÇ�Ä�&Ò"�ÑéA&Ò�ªÌ§¿xã'�"

C: }ÁlÄ�&Ò¡E�&Ò(�±filter)

D: þ��§S9B¥ã/"

E: (***)}Áé��ý¢ã�?1Ä�Ú¡E§'�¡Ec�ã���
É"

2. (zC�)�yþ¡1oK���(J"|^residue()¦Ñh(n),|^zplane()x
Ñ":Ú4:§ |^impz()xÑªÇ�A" þ�§S(.m)9ã/(.jpg)"
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3. (FIRÈÅì�O)�O��$ÏÈÅìÙ�I´µÏ���ªÇfp =
800Hz,{���ªÇfs = 1000Hz, Ä�ªÇf = 4000Hz,Ï�Å«αp =
0.5dB,��{�P~αs = 40dB.

(5:�O�kδp = 0.0559, δs = 0.01, wp = 0.4π,ws = 0.5π.)

A: |^MATLAB¼ê�O�Å«ÈÅì: firpm(); xÑªÇ�Aã(.fig
½.jpg)

B: |^MATLAB¼ê�O���¦ÈÅìµfirls();xÑªÇ�Aã(.fig
½.jpg)

C: |^MATLAB¼ê�OÄuI¼ê�FIRÈÅì"��Okaiserord(),
�^I¼ê blackman(),hamming(),kaiser(),chebwin(); ÈÅìµfir1();x
ÑªÇ�Aã(.fig ½.jpg)

D: þ��§S9¤kã/,'�n«�{��É"
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EXERCISE THREE
��5/23�,�"þÅ���>f�5/23c�e�" �***KÀ�"

1. �ÑlÑFá�C��_Ý
FN ,y²Ù�^lÑFá�C�DNO�"

(1) FN (~x(n)) = DN · ~x(N − n)/N , ~x(N − n)´Ñ\&Ò�_ü�¶

(2) FN (~x) = (DN · ~x∗)∗/N , Ù¥∗´E�Ý¶

(3) FN (~x) = swap(DN · swap(~x))/N§Ù¥swap(a+ bi) = b+ ai§=��
JÜÚ¢Ü"

2. (1) �½&Òx(n), ëY�ogDFT��(J´�oº �	D4
N .

(2) (**)Á�ÑD16�Ä�4��ÚÝ
©)(=�ÚÄ�4�FFT�{).

3. (1) y²µFá�C�Ý
�1�þck = {W kj
N , j = 0, 1, . . . , N − 1}´¤

kN�Ì�Ý
�A��þ§ Ù¥WN = e−i2π/N ,O�1�þ��Ý"

(2)�½±e���©Ý
A2,y²DCT2�¤k1�þck = {cos(j +
1/2)kπ/N, j = 0, 1, . . . , N − 1}´ÙA��þ¿O�1�þ��Ý"

A2 =


1 −1
−1 2 −1

. . .
−1 2 −1

−1 1

 A4 =


1 −1
−1 2 −1

. . .
−1 2 −1

−1 3


4. y²:DCT4�¤k1�þck = {cos(j+1/2)(k+1/2)π/N, j = 0, 1, . . . , N−

1´±þÝ
A4�A��þ" �ÑA4�1�1Ú���1�O��

{"(�ÑéA�>.^�¿O�).

5. |^zC��Ñ2Ä�$��ªÇ�A"(↑ 2)(↓ 2)(eiw) = 1
2 (eiw+ei(w+π))

9(↓ 2)(↑ 2)(eiw) = eiw.

6. �yhat¼ê(n�Å)´ºÝ�§φ(t) = 2
∑L
k=0 h0(k)φ(2t − k)�)"Ù

¥h0 = (1/4, 1/2, 1/4). ***`²:���B�^¼êÑ´Ù)"

7. �½Daubechies¦ÈÈÅìP0(z) = 1
16 (−1+9z−2+16z−3+9z−4−z−6)"

(1)�yÙ÷vPR^�(���),¦ÑÙ8�":"

(2)Á�Ñ��4/4ÈÅì|�h0, f0L�ª¶(Daubechies�Å)

(3)Á�Ñ��6/2ÈÅì|�h0, f0L�ª¶

(4)Á�Ñ��5/3ÈÅì|�h0, f0L�ª¶

þÅ��MATLAB

�¦zKJ���M©�(����1)Ú��¤k(J�`²©�"
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1. (FFTÚòÈ)

A:gC?���¢yN = 2KS�FFT�{�§S"¿�EN = 4096½�
��S�§�MATLAB�FFT'�$1�m(MATLAB�m¼ê)"

B:gC?�ü��Ó�ÝS��Ì�òÈ§S"�E½|^1�g���
êâ?1òÈO�"¿�|^MATLABfft, ifft¢yÌ�òÈ��{'
�$1�m" ��oMATLABvkÌ�òÈ¼êº

C:ÆS^MATLAB debuguy±þü�§S�Ì�$�´¶(s¤�m�
õ�è), '�$1�m¿}ÁU?"

D:(***) Á^FFTC�ý¢ã�§,�À��Ü©Fá�Xê(���Ý

½��ê�º),2^ifftC�wã�´�o" XÛÀ�fÝ
?

2. (DCT2C�)

A:�ÑN = 8�DCT2�8 × 8Ý
�l�Ä�þ(1�þ)§xÑÙÄ�þ
±9ÙFá�C��þ"

BÁ�DCTØ "À���256×256½Ü·��ã�§|^MATLAB�DCT2¼
êC�§·�Ø Xê§2^IDCT2¡E§'�ã��É"

5Pµ�±À��þ���
§Ù{��C"" ½ö�3��Xê§ò

��Xê�""

C(***)Á�JPEGØ "À���256× 256½Ü·��ã�§©�ã�¤
�8× 8��¬§z¬?1DCT2C�§�·�Ø z��8× 8fÝ
§2
^IDCT2¡E§'�ã�"

5PµIOjpgØ òUCã��Ý���'X[−128, 127],Ø±IOØ 
Ý
UCz�8× 8fÝ
§(J��§2 �_§�ë��'©z"

3. (�Å¼ê)|^N�¥cascade.m¼êO�±e�Å�ºÝ¼ê"

A: ���ÑDaubechies�Å�ºÝ¼ê"

B: |^SK¥(J§�Ñ5/3,6/2�Å�ºÝ¼ê"

C: �h = (1/4, 1/2, 1/4),h = (2/3, 1/3),�Ñ(J"

4. (�ÅC�)ë�N�¥D4.m¼ê?����ÅC�"

A: gC?���¢y5/3ÈÅì|����ÅC�(ØS�)9Ù_C�"
�±æ^±Ï�>.^�(=À�C�Ý
�Ì�Ý
). �Ñ��ÿÁ&
Ò�C�9_C�(J('Xsinc&Ò).

5PµXJ?§(J§�±��^D4.m¥�4/4ÈÅì|C�"

B: ¦^A¥¼ê§?§¢yS���ÅC�9_C�"(S�ëê�À,�
�3-5=�).�Ñ��~f.

C: (&ÒØ )À���&Ò('Xsinc&Ò)§À�Ü·��{Ø B¥C
��Xê(,
�"),¿_C�¡E§'�ØÓ"

D: (&Ò�D)�&Ò\þ�ÅDÑ§¦^²;�ÅMüD�{((½��
z�δ,�ÅXê'δ�K�").'�üD�J"

E:(***)(ã�Ø üD) Á^MATLAB�Åóä�¥¼êéý¢ã�?1
C�§Ø ½üD§¡E§'�ã�"
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EXERCISE FOUR
��6/10�&�"þÅ���>f�6/10c�e�" �***KÀ�"

1. ��Å&Òx[n] = A cos(ωn + φ),Ù¥φ´[0, 2π]þþ!©Ù��ÅC
þ§A´þ��",���σ2���©Ù"

(a) ¦x[n]�þ�§��¶

(b) O�Ùg�'Xê§`²§´²&Ò"

(c) O�ÙªÇÌÚõÇÌ"

2. y²LTIXÚ�Ñ\ÚÑÑ�g�'Xêúª: ry(k) = rh(k) ∗ rx(k),
Ù¥rh(k) = h(n) ∗ h∗(n− k)§�XÚ��'S�"
***Ý
L«: Y = HX,KE(Y Y τ ) = HE(XXτ )Hτ .

3. y²µHousehold C�: H = I − 2uuτ´��Ý
§`²Ù´±u�{�þ
�²¡?1���Ý
C�"

4. y²±eÝ
_�úª: �M,A,W´n× nÝ
,U, V´�ê�n×m,m×
n�Ý
§ u, v´n× 1, 1× n��þ"I´ðÓÝ
"
(a)M = I − uv,M−1 = I + uv/(1− vu)
(b)M = I − UV ,M−1 = In + U(Im − V U)−1V

(c)***M = A − UW−1V ,M−1 = A−1 + A−1U(W − V A−1U)−1V A−1

Woodbury-Morrison úª"

þÅ��MATLAB

�¦zKJ���M©�(����1)Ú��¤k(J�`²©�"

1. (ÚO&Ò?n)

A:ÆSMATLABdemo:lpcardemo.m,Á�\ÀJ�(Ñ©�ïá��AR�
.,'��.Úý¢êâ��É(�ùfÚÌ'�)

B:gC�EMA�.Ú)¤xD(, NÁØÓ��.§�)k¿Â�(Ñ!

c:(***) ÆSMATLABdemo:ipexwiener.m,Á�\ÀJ�ã�?1Wiener
�D§`²�É"

2. (Ý
©))

A:�Å�)Ý
A256×256.

B:|^MATLAB¼êO�A�LU©)§QR©)§SVD©)"'�O�
�Ý"

C: ***Á^��ã���Ý
§¦ÑSVD©)§Ø eZÛÉ�(σi <
h,→ σi = 0),¡Eã�§'�Ø �J!



&Ò?n�êÆ�{

aka &Ò�XÚ�êÆ�{
Mathematical Methods in Signal Processing

ÜgN

zhangsirong@buaa.edu.cn

êÆ�XÚ�ÆÆ�§�®Ê�ÊU�Æ

Department of Mathematics, Beihang University

March 1, 2011

g·0�
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Chapter 1: êÆ&Ò?n{0

�§{0

&E�Æ0�

�§�j

&Ò?n�êÆ�.

&Ò�XÚ

&Ò?n�~f

&Ò�êÆ�.

MATLAB{0

Motivation: lêÆ�&E�Æ

I &E´�oº

2Âµ”�£”+”�±n)”
dÂµ<�a(��something
A^: &Ò

I &E�Æ´�oº ~fµ�>

{"

&E¼�§&EDÑ§&E?

nÚ©Û§&EA^(��).

I �'Æ�µ

EE,gÄz§BME,XÚó§¶

I ***êÆ�{µ(A^êÆ) ï
�+�{
Mathematics for Engineers!



When A^êÆ meets &Ò?n!(ICM1998)

I ¤c��µz��Ö§ÚOc�§ã

Ö,...

I (1950c)Fá�©Û → �[&Ò
I (1950s)O�Å�)µ&EØ,

(1960s) ¯�Fá�C�(FFT) → ê
i&Ò

(1970s) �ÅL§ → �Ñ&Ò
I (1980s) NÚ©Û → ã�&Ò

(1990s-y3) AÛ �©�§,
Markov�Å|§�êAÛ...
→ �Æã�§¹�§O�ÅÀú"

I &Ò?n�Holy grail: <ó�U →
(�ª£O§ÚOÆS§gÄ��)

&Ò�©a

I g,&Ò: (Ñ§ã�§>&
Ò§/�Å..

I <ó&Ò: >{§ÂÑÅ§>
À§�Æã�"

I í2µ�¦�§<��..

I �§é�µ(Ñ&ÒÚã�&

Ò"

I MATLAB demos:

�§SN

ý��¦µ�È©§�5�ê§§S�O.
Ì�8Iµ ÆSØÓêÆ�.�&Ò?n�{§A

^MATLAB?§***"
Ì�SNµëY&Ò�Fá�©Û¶lÑ&Ò�ZC�§ k�&
Ò��Å§�Å&Ò�g·A&Ò?n(ïÄ)).
�Æë�Ö:

I (ë��á)êi&Ò�ã�?nµx�,Ù
A. �u�ÆÑ
��.7302120692

I (ë��á)&Ò?n�êÆ�{§7s. �ÊSÜùÂ"

I (í�)Signal Processing for everyone, Gilbert Strang. (0�©
Ù 60�)

I (í�)Computaional Science and Engineering, Gilbert Strang.
MIT úm�§ 18.085.

I Matlab: MATLAB guide, D.Higham. SIAM ½Ù¦MATLAB
ë�Ö"

�§ÆS

I þ�µJ¯! Don’t waste your time and my time!
ïÄ)µJ¯�¤1!�"

I ��3-4gµ�Q��¤1�"!

I O�Å��µÅ�½gC>Mº

��)µ�±2-3<�|"
ïÄ)µ�±Ü��ÕáJ��¤"

I ¤1µ�(TBA)
��µ²���30+þÅ��30+���30(?)+ �,ë�
10=100
ïÄ)µ²���40+þÅ��40+���20=100



&Ò�XÚ

I Ñ\&Ò:x(t), x(n)(À-&Ò)
XÚ:H(ÈÅì)
ÑÑ&Òy(t), y(n)(�A&Ò)

I XÚ´�çÝf(black box)"
~�XÚµ�©XÚ§\{

ì§��ì""

ÄåXÚºXÚ��º

I O�Å¢yµêâ→ C� →
êâ"

êÆ�.º

&Ò?n�~f

I ~fµ(Ñ&Ò?n¶

I ~fµã�&Ò?n¶

I Ì�SNµ&ÒüD,&Ò¡E, &Ò©Û
&ÒL«�DÑ → &EØ
&Ò£O��� → �ª£O§XÚ��¶

{üã�?n~f &Ò�ØÓ�.

I (½&Ò�.: x(t) ∈ L2 → Fá�©Û
�¼©Û: ¼ê�m+�5�f → �Å©Û
'�µ&Ò�DÕL«

I �Å&Ò�.µx(t)´�ÅL§ → �mS�©ÛARMA
'�: ²�ÅL§§ Ì©Û E (x(t))

I ã��&Ò�.µ�±1D → 2D��í2¶(²;&Ò?n)
'�: ã��¼ê�mØ�3!
y�&Ò?nµ���ã�AT´2Â¼ê§�?n�´^

¼ê�mBV(½TV).
g,ã�k� ØC�ÚOA�§���º�<�±Ó��

~�)¹!

I ***lÑ�O��.µ�þ�Ý
C�(A^�5�ê!)
'�:¯��{"



Why matlab?

Matlab=Matrix Laboratory

I MATLAB VS Mathematica

I MATLAB`:µ�pª�¸¶²�Õá¶ã/õUr�¶A
^¼ê¥Úóä�¶

I MATLAB":µ�=©ë�, '$?�ó(C)ú; �C?§k
«O¶ [B¶

MATLAB ?§J«

I ¤kêâ´Ý
¶ Ý
´ê|, gS:�`k!

I �pª½M©�¶{ü?§(�(��^forÌ�)¶

I ã/õU�¼êõU¶Ñ\�±´Ý
!

¦^J«µ

I ���i1L«ØÓCþ¶

I (), [], {}L«ØÓSN¶
I help�^§Cþ¶�wSN¶

I ;�^å¶

>Mü«µS¡§Cþ§$�§ã/¶©�¶
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Chapter 2: ëY&Ò�Fá�C�
Continuous signals and Fourier Transformation

1 &Ò�mµFá��I Fourier Kingdom
&Ò�5

k�Uþ&Ò�m

AÏ�êÆ&Ò

2 XÚ�C�

Fá�C�

òÈ�LTIXÚ
ëY&ÒXÚµ�[ÈÅì

�ÖÙ!µ�Ê�á 1.1-1.2,1.3.1-1.3.2; 2.1-2.3;2.5-2.8;
ë�ÖµElias Stein, Fá�©Û�Ø.
Gasquet and Witomski,Fá�©ÛÚA^"

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 2 / 32

&Ò�mµFá��I Fourier Kingdom &Ò�5

{üNÚ�Ä

Hooke½nµF = −ku
Newton½nµF = ma = mü

�§ mü = −ku
)µu(t) = A cos(ct − φ),¡Ù
¥c =

√
k/m�ªÇ,A��

Ì,φ�� "

AÚφdÐ�û½"

k	åf��Ä�§¦
)ºmü + ku = f ë��àg
�5�§¦)(àg)+A)).

�^�þõ�!:�{ü�

Äº�)aqÀL��JµY

þe�Ä§<²1ÅÄ"
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&Ò�mµFá��I Fourier Kingdom &Ò�5

��Å�§

Newton½nµF = ma = ρhÿ(t)

�§ ρ∂
2u
∂t2

= τ ∂
2u
∂x2

,{z��ρ/τ = 1

)�µD’Alembert
u(x , t) = F (x + t) + G (x − t).

)�µ©lCþ u = µ(t)ν(x),
µ̈(t)
µ(t) = ν̈(x)

µ(x) = λ

µ̈(t)− λµ(t) = 0, ν̈(x)− λν(x) = 0
u(x , t) = (Am cosmt + Bm sinmt) sinmx ,
λ = m2.

m = 1ÄN fundamental tone§m = 2 1
�overtone(1� harmonic¤§...

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 4 / 32



&Ò�mµFá��I Fourier Kingdom &Ò�5

Å�U\�Fá�?ê

��) u(x , t) =∑∞
m=1(Am cosmt + Bm sinmt) sinmx .

Ð�^�

u(x , 0) = f (x), u(0, t) = 0, u(π, t) = 0.
�3)↔ f (x) =

∑∞
m=1 Am sinmx

�3)�7�^� An = 2
π

∫ π
0 f (x) sin nxdx .

í2�[−π, π],Û¼ê
f (x) =

∑∞
m=1 Am sinmx , ó¼

êg(x) =
∑∞

m=1 A
′
m cosmx ,

?�¼êF (x) = f (x) + g(x), ´
ÄF (x) =

∑∞
m=−∞ ame

ımx?

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 5 / 32

&Ò�mµFá��I Fourier Kingdom &Ò�5

Fá����µ

Joseph Fourier(1768-1830) Question:

?¿��ëY½ØëY�¼

ê´Ä�±L«���ë

Y(1w)¼ê�Ú?

Answer:

D’Alembert, Euler: Ø�½!
J.Fourier: �½!

Remark

Joseph Fourier: ë�<»Õ�
D9��¶uy§¿�A"

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 6 / 32

&Ò�mµFá��I Fourier Kingdom &Ò�5

±Ï¼ê�Fá�?ê

Definition

�½f´[a, b]þ�È¼ê§L = b − a,K

f�1n�Fá�Xê�f̂ (n) = 1
L

∫ b
a f (x)e−2πınx/Ldx

f�Fá�?ê�f (x) ∼
∑∞

n=−∞ f̂ (n)eı2πnx/L

�'¯K:

1 ?�&ÒÑkFá�?êíº L2

2 ?�¼ê´&Òíº f (x) = x2? (ÑfØÑ5¶

3 Fá�?ê�±éÐ%C&Òíº

Fá�©Û��"�µGibbsy�,3mä:?§Fá�?ê[�
Ø�U%CÏ"�¶ ��þe�0.09�Ø�"
²;~fµ�ÅSW (t) = 4/π(sin t + sin 3t/3 + sin 5t/5 + . . . )

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 7 / 32

&Ò�mµFá��I Fourier Kingdom &Ò�5

Gibbs y�
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&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

Fá�?ê�Âñ¯K

Ì�¯K:
PÜ©ÚSN(x) =

∑N
n=−N f̂ (n)eı2πnx/L. SN(x)3N�¿ÂeÂñ�f (x)?

cJµFá�Xêk¿Â�¦f´ýé�È!
Âñ5µ(�¼ê��5k')Why?

1 ::Âñ"Dirichlet^�µL1,k�mä:§k�4�"

2 ²��ÈÂñL2"�N →∞,
∫ b
a |SN(x)− f (x)|2dx → 0.

3 ��Âñ(uniformly)µXJf´ügëY��, |
^f̂ ′(n) = ınf̂ (n)§SN(x)⇒ f (x).

��5µf (x)ëY§�∀n, f̂ (n) = 0,Kf ≡ 0.

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 9 / 32

&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

{¤5P

Lennart Carleson(1928-)

Theorem (:Âñ, Carleson 1966)

?¿��²��È¼ê(L2)�Fá�?ê
A�??Âñ"

Richard Huntí2�Lp, p > 1.

Kolmogorov(1903-1987)�E��ýé
�È(1924)¼ê�Fá�?ê??Ø
Âñ"

Kahane,Katznelsonµ ?�"ÿÝ
8§�3��ëY¼ê3þ¡�Fá

�?ê??ØÂñ"

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 10 / 32

&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

Hilbert�m��È

Definition (�È: 〈x , y〉)
÷v

1 〈x , x〉 ≥ 0, 〈x , x〉 = 0⇔ x = 0

2 〈x , y〉 = 〈y , x〉
3 〈λx , y〉 = λ〈x , y〉 , 〈x + y ,w〉 = 〈x ,w〉+ 〈y ,w〉
p��ê:||x || = 〈x , y〉.

Hilbert�m:�5�È�m��ê½Â�4�´���(n<â�m)"

Definition (��Ä)

Hilbert�m��|Äei¡���ÄµXJ÷v |ei | = 1, < ei , ej >= 0.

�ÜN�]Ø�ª

〈x , y〉2 ≤ 〈x , x〉〈y , y〉

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 11 / 32

&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

Uþk��&Ò�m: L2, l2

Uþk��&ÒµE (f ) =
∫
f (x)2dx <∞, f (x) ∈ L2.

½ölÑ&Ò E (f (n)) =
∑

f (n)2, f (n) ∈ l2"

Theorem (L2���Ä)

en(x) = e inx´L2(0, 2π)��|��Ä§
�Fá�?ê´�Z%C||f − SN(f )|| ≤ ||f −

∑
n cnen||

AO§´����Ä"(�3��%C)

Theorem (²��ÈÂñ)

f ∈ L1(a, b), �N →∞,
∫ b
a |SN(x)− f (x)|2dx → 0.

kParseval�ª
∑

n |f̂n|2 = ||f ||2.
AOkRiemann-Lebesgue ½nµ|n| → ∞, f̂ (n)→ 0.

5P: ���	Hilbert�mk�ê�����Ä§´k��îAp��
m��Zí2"

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 12 / 32



&Ò�mµFá��I Fourier Kingdom k�Uþ&Ò�m

L2���Ä

õ�ªÄ��zµt i : i = 1, 2, ... →
Legendreõ�ª dn

dtn (t2 − 1)n.

(�>ã)�'ÈÅõ�ª Chebyshev
Tn(t) = cos(n arccos t), n = 0, 1, 2, ...− 1 ≤
t ≤ 1

Bessel ¼êµ5u��é¡�Ä�
§(�). r2B ′′ + rB ′ + λr2B = n2B
Ù¥B(r)�÷¶���Ä§r´�»§λ´
��ªÇ§n´Bessel¼ê��"
��Bessel¼êP�Jn(λk r).

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 13 / 32

&Ò�mµFá��I Fourier Kingdom AÏ�êÆ&Ò

;.&Ò

�ê&Òx(t) = Aebt , b ∈ C
±Ï&Ò: (�u�{u&Ò)

ü &Ò: ü Ý/&ÒG1(t)(�ÅóÀ)§ü ��&Òu(t)(�
Å(SW (t)))§ü �C&ÒR(t)(n�Å)
'X:R(t) =

∫
u(t).

AÏ&Ò: Ä�&ÒSa(t) = sin t
t ,

MATLAB: sinc¼ê"

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 14 / 32

&Ò�mµFá��I Fourier Kingdom AÏ�êÆ&Ò

δ¼ê

ü À-&Ò�ØÓ½Âµ

1 �Å��êµδ(t) = SW ′(t) = 4/π(cos t + cos 3t + cos 5t + . . . ).
ØÂñ!

2 3�:�å:u′′ = δ(t),�§�)�u(t) = −R(t − a) + ct + d ;
ë�µGreen¼ê"dØÓδ¼ê�)�±��u′′ = f�Ï)!

3 ).�½Â:
∫
δ(t)dt = 1, δ(t) = 0, t 6= 0.

Ä�A5
∫
δ(t − t0)x(t) = x(t0).

4 �5�¼µδ : H → R, δ(f (t)) = f (0).

5 ¼ê%Cµ �ÅóÀ�%C¶δ(t) = lims→∞
Gs(t)
s

pd¼ê�%C"
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XÚ�C� Fá�C�

&Ò�m9Ù$�

Definition (EL2(0, 2π)�m9n�¼êÄ)

&Ò¼êf : [0, 2π]→ C, Pn�¼êÄ�e int , �

È< f , g >=
∫ 2π
0 f (t)g(t)dt, KUþk��&Òf|¤��F�ËA�

m"f�Fá�?êÐmP�
∑

cke
int .

&Ò�$�µ &ÒC���´&Òº

�5$�(�5�m)

²£µf (t)→ f (t − h); &Òò´

��µf (t)→ f (−t); &Ò6�

� µf (t)→ af (at)¶ &Ò��¶

¦È: f (t)g(t): &ÒNª¶

�©�È©µf (t)→ f ′,
∫
f ???

òÈµf (t) ∗ g(t) ???
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XÚ�C� Fá�C�

&ÒC�µ��C�

Definition (F�ËA�m���C�)

½Â�5C�A : H→ H,÷v < Af ,Ag >=< f , g >§=�±�ÈØ
C§¡� F�ËA�mþ�����C�"

?¿ü|��Ä�ØÓL«������C�¶

5µf (t)Ðm¤Fá�?ê´L2 → l2����5N�(��º)
~�C�µ

²£�f: Th(f (t)) = f (t − h) ?

���fµR(f (t)) = f (−t)¶?

� �fµSa(f ) = af (at)¶?

¦È�f: Mg (f ) = f (t)g(t), òÈ�fµCg (f ) = f ∗ g ?

�©�È©�fµD(f ) = f ′, I (f ) =
∫
f ?
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XÚ�C� Fá�C�

Fá�C�: �±Ï¼ê���C�

���&Ò�±Ï¼ê,
N�½Âf̂ (n) '

∫∞
−∞ f (x)e−inxdx? cJµf3Ã¡��§AT¯�Âñ

�"('X1/x2).

Definition (Schwartz �mµS(R))

Ù¥�¼êfÃ¡g���¤k�ê¯�4~§
supx∈R |x |k |f (l)(x)| <∞, for every k, l ≥ 0.

EXAMPLE (pd¼êÚbump functions)

Kσ(x) = 1√
σ
e−πx

2/σ. f (x) = e−
1

x−a e−
1

b−x , a < x < b

Proposition

1 S´�5�m§é�©Úõ�ª¦{µ4"
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XÚ�C� Fá�C�

Schwartz �mFá�C�

Definition (Fá�C�)

f̂ (ξ) =
∫∞
−∞ f (x)e−2πixξdx

Proposition

1 ²£ f (x + h)→ f̂ (ξ)e2πihξ

2 �� f (λx)→ λ−1f̂ (λ−1ξ)

3 �© f ′(x)→ 2πıξ f̂ (ξ)

4 òÈ (̂f ∗ g)(ξ) = f̂ (ξ)ĝ(ξ)

Theorem (Fá�C�´S(R)þ��5C�.)

ef (x) ∈ S(R)§Kf̂ (ξ) ∈ S(R),AOpd¼êC���"
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XÚ�C� Fá�C�

Schwartz �mFá�C�´��C�

Definition (Fá�_C�)

PFá�C�F(f )(ξ) =
∫∞
−∞ f (x)e−2πixξdx,

KFá�_C�F∗(g)(x) =
∫∞
−∞ g(ξ)e2πixξdξ

Proposition

1 ¦Èúª
∫∞
−∞ f ĝdt =

∫∞
−∞ f̂ gdt

2 _½nF∗F(f ) = f :
= f (x) =

∫∞
−∞ f̂ (ξ)e2πixξdx

3 Plancheral ½nµ‖f̂ ‖ = ‖f ‖.‖�L2�ê"

4 *** Poisson ¦Úúª"
∑∞

n=−∞ f (x + n) =
∑∞

n=−∞ f̂ (n)e2πixn,A

O
∑∞

n=−∞ f (n) =
∑∞

n=−∞ f̂ (n)"

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ March 15, 2011 20 / 32



XÚ�C� Fá�C�

Fá�C�: Schwartz�m�L2�m

'�(Jµ

1 Schwartz �m3L2(R)¥È�¶

2 Fá�C�F´Schwartz �mþ���(�_)C
�¶< f , g >=< f̂ , ĝ >

3 F�3lSchwartz �m����mL2(R)�*Ü"

Theorem (L2�m�Fá�C�)

F�ÑL2(R)þ�����(�å)C�"

1
ˆ̂f = f ;

2 < f , g >=< f̂ , ĝ >

3 ||f || = ||f̂ ||

5Pµ�±?�Úí2�2Â¼ê(�5�¼).
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XÚ�C� Fá�C�

°Ü�Ø(½�n: Fá�©Û�Û�

Theorem (°Ü�Ø(½½n)

�f ∈ S(R),‖f ‖2 =
∫∞
−∞ |f |

2dx = 1,k ∞∫
−∞

x2f 2(x)dx

 ∞∫
−∞

ξ2f̂ 2(ξ)dξ

 ≥ 1

16π2

=�f (x) = Ae−Bx
2
,B = A4π/2��Ò¤á"

Remark (Ôn)º: �Ø(½5×ÄþØ(½5≥ h
16π2 )

�f u[a, b]�VÇ�
∫ b
a ψ

2dx.

�f� �´Ï"x0 =
∫∞
−∞ xψ2dx,  ����

´
∫∞
−∞(x − x0)2ψ2dx

éAk�f�Äþ©Ù�
∫ b
a ψ̂

2dxÚ��.
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XÚ�C� òÈ�LTIXÚ

XÚ��f

XÚH´��¼ê�m��f(½C�)"H : x(t)→ y(t)
~�&Ò$�Ñ´�f"

~�XÚµ

�5XÚ: H(ax + by) = aH(x) + bH(y)
ëY�fº

�ØCXÚ: H(x(t − k)) = y(t − k)
&Ò?né�→ �5�ØC�fµLTIXÚ!

½XÚµBIBO½XÚ x(t)k.Ky(t)k.¶

ÏJXÚ: y(t0)�6x(t), t ≤ t0. =XÚØUýÿ"

~f:k��©�§
∑

i aiy(t − i) =
∑

j bjx(t − j)

2Ä��f: S(x(n)) = x(nP),P ∈ N
´Ä´ÏJXÚº
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XÚ�C� òÈ�LTIXÚ

òÈ

Definition (òÈ�±ÏòÈ)

�½f , g ∈ L2, ½ÂòÈf ∗ g =
∫∞
−∞ f (y)g(x − y)dx;

AOXJf , g´±Ï2π�È¼ê, K½Â±ÏòÈ
(f ∗ g)(x) = 1

2π

∫ π
−π f (y)g(x − y)dx

5PµòÈ=�Æ�õ �ê¦{(Ø? !)

òÈ÷v�5§��Æ§(ÜÆ"

f ∗ g´ëY�§�f̂ ∗ g(n) = f̂ (n)ĝ(n).

�©�È©µD(f ) ∗ I (g) = f ∗ g .(±Ï¼ê)

Fá�?ê�Âñ�½µPÜ©

ÚSN(x) = (f ∗ DN)(x),DN(x) =
∑N

n=−N eınx = sin(2N+1)x/2
sin(x/2)

¡�)|�XØ§�kFejer,Abel,GaussØ"
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XÚ�C� òÈ�LTIXÚ

ëY&ÒLTIXÚ��.

Remark

Fá��Iµ���Uþ&Ò�±w¤L2(0, 2π)½L2(R)�¼ê" �2
Â�:Uþ&Òáu��Hilbert�m"
�5�ØCXÚ(LTI):´Hilbert�m����5�f��²£�f��
�"

Theorem (LTIXÚÄ�(Ø)

�5�ØCXÚH��dü À-&Òδ(t)�À-�Ah(t)û½"
�H(x(t)) = h(t) ∗ x(t)"(¤kLTI´�òÈXÚ).

L2kéõ��Ä§éA�kØÓ���©)§��o^n�¼êÄº�
�o^Fá�C�º

Theorem (LTIXÚA��þ)

n�¼êÄ´¤k�5�ØCXÚH�ú�A��þ"
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XÚ�C� òÈ�LTIXÚ

ü À-&Ò�LTIXÚ�òÈ)º

δ0´���5�¼(�UÃ.!)"< δ0, x(t) >= x(0)
´ÄkRiesz L«½nº< δ0, x(t) >=< z(t), x(t) >

���¼êL«kx(t) =< δt−s , x(s) >.

PH(x(t)) = y(t),K y(t) = H(< δt−s , x(s) >) =< H(δt−s), x(s) >

����±½Â< H(δ), x(t) >=< δ,H(x(t)) >
b�H(δ)´k.�¼!§dRiesz L«½
n"< H(δ), x(t) >=< h(t), x(t) >.

�Ts(x(t)) = x(t − s),KH ◦ Ts = Ts ◦ H.
AOy(t) =< Ts(h(t)), x(s) >=< h(t − s).x(s) >= h(t) ∗ x(t).

Remark

���δ(t)w¤2Â¼ê(distribution),�±¦�§È©�"
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XÚ�C� òÈ�LTIXÚ

�ê¼ê´¤kLTIXÚ�A��þ

Theorem (k.�5�f�Ì)

Hilbert�mþ�±p����é¡(�5)�fx(���3��k.�
f)�3�Ó�A��þ"

�5�f(normal operator): N ◦ N∗ = N∗ ◦ N Ù
¥< Nx , y >=< x ,N∗y >"

Corollary

¤k�LTIXÚ´òÈXÚ.òÈ�±��,��²£�fTs���, ¤±
�3�|�Ó�A��þ" AOkh(t) ∗ e ist = H(s)e ist .

òÈ�f���h1 ∗ h2 ∗ x = h2 ∗ h1 ∗ x
òÈ�²£�fTs���;

÷vh ∗ e = λe,Ts(e) = tse,=k�ê¼ê÷vT�§!

���yh(t) ∗ e ist = H(s)e ist"
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

{ü&ÒµÝ/Å

��±Ï¼ê�Ý/Å:G2(t) = 1,±
ÏT = 2π
Fá�Ð

mG2(t) = 1
π +

∑
n 2/πSa(n) cos nt.

Fá�Ðm�Eê/ª:
G2(t) = 1

π +
∑

n
1
πSa(n)e−int

��k�«m¼ê�Ý/

Å:G2(t) = 1"

Fá�C�Ĝ2(w) = 2Sa(w).

AOFá�XêFn = Ĝ2(nw)/(2π)
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

2Â&Ò

Remark (2Â&Ò�Fá�C�)

���C∞c þ��5�¼¡�©Ù(distribution).w��È¼ê½Â��
¼�í2" ¡�2Â¼ê"

2Â¼ê�Fá�C�: é?Û¼êx(t) ∈ S, < f̂ , x(t) >=< f , x̂(t) >

E�ê&Òx(t) = e−atu(t)
Fá�C� X (w) = 1

a+iw

ÎÒ¼êsign(t) = lima→0 e
−at

Fá�C� SIGN(w) = 2
iw .

ü À-¼êδ(t),δ̂ = 1
AO1̂ = 2πδ(t).

ü ��¼êu(t) = 1/2 + sign(t),

û(t) = πδ(w) + 1
iw .
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

LTIXÚ

LTIXÚ��dh(t)û½"

òÈ��5,�²£�� → �5�ØC
h(t) = 0, t < 0 → ÏJXÚ¶∫
|h(t)| <∞ → BIBO½XÚ¶

ªÇ�A:PH(w) = ĥ(t),KÑÑ&ÒªÇY (w) = H(w)X (w)
¡|H(w)|�ÌÝªÇ�A¶arg(H(w))�� ªÇ�A"

��²;&ÒXÚÌ�A^uªÇ�?n§¡��[ÈÅì"

©a:$Ï(lowpass),pÏ(highpass),�Ï(bandpass),�
{(bandstop),�Ï(allpass)�"
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

n�ÈÅì9¢y

�ÏXÚ(Ã�ý)�ªÇ�
A:H(w) = Ae−iwTd ,
A´ªÇ§Td´+ò�"

n�$ÏÈÅì�ªÇ�Aµ

H(w) = G2wc (w)e−iwTd

5¿: h(t) = wc
π Sa(wc(t − Td)) Ø´ÏJX

Ú§¤±ØU¢y!
�´Ã¡¼ê§��^knõ�ª%

C"

~��[ÈÅìµ

ButterworthÈÅì:|H(ω)|2 = 1
1+B2ω2n

�'ÈÅÈÅì:|H(ω)|2 = 1
1+ε2C2

n (ω)

ý�ÈÅì:|H(ω)|2 = 1
1+ε2U2

n (ω)
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XÚ�C� ëY&ÒXÚµ�[ÈÅì

�Ù�\ÆS¯K

Nþ�'¯K±B�§Ï"�wÀJµ

L2�m�Ù¦��Ä¶

Gibbsy�(êÆ)º9p��/)

δ¼ê�î�½Â9Ù3�©�§¥�A^(Green ¼ê);

Schwarz�mþ�Fá�_½n(Fá�C��_C�´Ù��).

°Ü�ÿØO½n¶

~��[ÈÅì�¢y;
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Chapter 3: lÑ&Ò�zC�
Discrete signals and Z-Transformation

1 lÑ&Ò

Ä�½n

ZC��DTFT
~f�O�

2 lÑLTIXÚ
lÑLTIXÚ�D4¼ê
lÑLTIXÚ�~f
êiÈÅì��O

�ÖÙ!µ�Ê�á 1.4,1.5,4.9;
ë�Öµêi&Ò�ã�?n: 1nÙ
G.Strang: Computational Science and engineering:
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lëY&Ò�lÑ&Ò

ëY(½�[)XÚ�¢y: H(Ω)d�½a¼ê%C¶ k�½>´¢
y(RLC)§(;�^��O);�>!
¯K: �3Ôn��(�pªº); �OE,¶Ø°((ÔnØ�);

lÑ(½êi)XÚ�¢y: H(Ω)dkn¼ê%C§Ã�°(¶ÈÅ
ìd>M^�¢y,ÃÔn��¶ O\AD=�,DA=�ì¶
¯K:Ñ>§�Ýú¶Ä�&Ò���¶

AD=�ì: n�óÀÄ� x(t)→ x(nTs),Ts´Ä�±Ï¶¢S�U

´Ý/óÀÄ�¶

DA=�ì: n���úª�±���¶ ¢S^$ÏÈÅì©

Ì�¯Kµ�3������úªíº x(n)→ x(t)?
�����x(t)�¼ê�m,'Xõ�ªº
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lÑ&Ò Ä�½n

Ä�&Ò9·Ualiasing

Ä��ªÇCz:

Ä�ªÇ:m��mTsÀ���x(nTs).Ts´Ä�±

Ï(¦)§fs = 1/Ts´Ä�ªÇ(ü HZ)§ ws = 2π/Ts´Ä��ª

Ç(½Ä�ªÇ).
&ÒÄ�ªÇ:�ý¢&ÒªÇf ,w ,KÄ��êi&Òª
Çf ′ = f /fs ,w

′ = 2πw/ws = wTs

~^8�zªÇ: �{z©Û,�Ts = 1,ws = 2π,KÄ�&ÒP
�x(n), êi&ÒªÇáu[0, 2π],

Ä�&Ò�·Ualiasing

�ý¢&Òx(t) = cos wt,Ä�&Òx(n) = cos w ′n
ws = 2w , x(n) = cosπn,´�pªÇ&Ò, ¡�NyquistªÇ¶
ws = 4w ,x(n) = cosπ/2n, ´LÄ�oversampling
ws = 4/3w§x(n) = cos 3π/2n, ´jÄ�undersampling
***ü�Ä���1, 0,−1, 0 . . . . ¡�·Ualiasing(pª�$ªL«);
AO: sinπn�sin 0·U"NyquistªÇé�u&ÒØ
§
���¦&Ò���ªÇ w ≤ π/Ts ,=Ä��&ÒªÇw ′ ≤ π.
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lÑ&Ò Ä�½n

Shannon ��úª(���)

Theorem (NyquistõShannon½n)

Ä�&Ò�±��¡E�ëY&Ò7L÷v:
(1)�&Ò´ªÇ��(ª�)k��,��pªÇwc ;
(2)Ä�ªÇ��´�pªÇ�ü�"ws ≥ 2wc .
¡2wc , 2fc�G¿dAÇ§¡æ�Çws����G¿dAªÇ"

Shannon ��úªµ �Ä�&Ò�pªªÇ(8�z�)�

"x̂(w) = 0, |w | ≥ π, Kx(t) =
∑

x(n) sinπ(x−n)
π(x−n)

5Pµ>{: 8kHz (Ï{3.4kHz)¶ CD: 44.1kHz ((Ñ20kHz)

Proof.

***b�x(n)�Fá�C�´±Ï¼ê.
kFá�?êx̂(w) =

∑
cne inw ,�y:cn = x(−n).

�\Fá�_C�½nx(t) = 1
2π

∫ π
−π(
∑

cne inw )e iwtdw��!
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lÑ&Ò Ä�½n

Ä�&Ò�·Uy�aliasing
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lÑ&Ò Ä�½n

Ä�½ny²:±Ï¼ê�lÑÌ

�±Ï¼ê3±Ï[0,T1]¥½Â�f0(t);

±Ï¼ê�êÆL«:f (t) =
∑

f0(t − nT1)
f (t) = f0(t) ∗ 4T1(t)

Proposition (Dirac comb�C�)

Dirac comb ´lÑ�±ÏS�"w1 = 2π/T1,k
Fá�Ðm4T1(t) = 1

T1

∑
enw1t .

Fá�C�: 4̂T1(t) = w14w1(w).

Corollary (±Ï¼ê�lÑÌ)

f̂ (t) = f̂0 · 4̂T1(t) =
∑

(w1F0(nw1) · δ(w − nw1).

5Pµ��±ÏéAª�lÑ"
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lÑ&Ò Ä�½n

Ä�½ny²:Ä�¼ê�±ÏÌ

êÆL«:fs(t) = f (t) · 4Ts (t)

òÈúª: f̂s(t) = 1
2π f̂ (t) ∗ 4̂T1(t)

±ÏÌFs(w) = 1
Ts

∑
F (w − nw1).

F (w) = f̂ .

&Òn�¡E:�±��^ªÇ�þ
�Å�¦§2Fá�_C�"

���¹:¦^$ÏÈÅì����
&Ò"

kÙ¦�Ä��{(Ý/Ä�½n§
ªÇÄ�½n).
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lÑ&Ò ZC��DTFT

.Ê.dC�LT

ü>LTC�µ

8Iµ?¿¼ê��”Fá�”C�¶x(t)e−At

C�: X (s) =
∫ +∞

0 x(t)e−stdt,s = A + iw .

Âñ^�:x(t)©ãëY, |x(t)| ≤ AeMt .

~fµx ≡ 1,X (s) = 1/s, �Fá�C�Ø�3"

_C�µ

V>LTC�µ

í2V>LaplaceC�:X (s) =
∫ +∞
−∞ x(t)e−stdt

s¡�EªÇ"¢C¼ê→EC¼ê!

XJFá�C��3, x̂(t) = X (s)|s=wi .

Âñ�ROC�ØÓ: eAtµ(t)�−eAtµ(−t)�LTC�� 1
s−a , Âñ

�Re(s) > a,Re(s) < a.

ÜgN (BUAA) &Ò?n�êÆ�{aka &Ò�XÚ�êÆ�{ April 12, 2011 9 / 29

lÑ&Ò ZC��DTFT

ZC�

Ä�&Ò�LTC�µ

Dirac Comb:4Ts (t) =
∑
δ(t − nTs)

LTC�: L(4Ts ) = 1
1−e−sTs

Ä�&Òµfs(t) = f (t) · 4Ts (t)
L(fs) =

∑+∞
0 f (nTs)e−s(nTs).

Definition (ZC�)

�Ä�&Òxs(t),KÙLTXs(s) =
∑

x(nTs)e−s(nTs).
-z = esTs½s = ln z/Ts , kX (z) =

∑
x(nTs)z−n.

���8�zL«Ts = 1,kS�&Òx(n),ZC�X (z) =
∑

x(n)z−n.

ZC��Ôn¿Âº
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lÑ&Ò ZC��DTFT

lÑ�mFá�C�

ÔnªÇ�L«:
LTC�µs´Eª�,ý¢ªÇs = iwµJ¶;
zC�µz = es ,ý¢ªÇC�e iwµü �"
�Ä�&Òxs(t),KÙLTXs(s) =

∑
x(nTs)e−s(nTs).

½ÂµX (e iω) =
∑∞

n=−∞ x(n)e−iωn

Ì�2π ±Ï¼ê. AO X (e iω) = X (z)|z=e iω

Âñ^�µ x(n)ýé�Ú"Ù¦? ROC�¹ü �"

±ÏòÈ:x1(n)x2(n) ∼ 1
2π

∫
2π X1(e iθ)X2(e i(ω−θ))dθ.

5: �Fá�C�Ø��!!!
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lÑ&Ò ~f�O�

E©Û£�: Best functions

�Z¼ê: )Û¼ê

f (z) =
∑∞

n=0 cnzn

f (x) = 1/(1 + 25x2)Ã¡1wØ)Û!

Âñ�µ�� 1/r = limsup n
√
|cn|.

Âñ�S?¿¼ê��±õ�ª�ê%C(�Vúª==´ÛÜ%
C);
→ 1970s Ì�{ (1950s k��©�{, 1960s k���{)

æX¼ê½Laurent?ê

f (z) =
∑∞

n=−∞ cnzn

��=�Äk�K�, Kf (z)(z − p1)(z − p2) . . .´)Û�, ¡pi�4

:¶

Âñ�µ�U´��	|z | > r§��¶R2 > |z | > R1, Âñ�S)
Û!
��±4:�>.¶
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lÑ&Ò ~f�O�

ZC��Âñ�

Laurent ÛK?ê�Âñµ3Âñ�
Sz�:)Û!∑

x(n)z−nÂñ�¿�^
�:
∑
|x(n)z−n| < +∞

�O{K:'�½���O"

~fµV>k�S�¶

�>S�¶m>S�¶

V>Ã�S��UØ�3ZC�!

EC¼ê�":ziÚ4:pj :
F (zi ) = 0, 1/F (pj) = 0

(ØµROC±4:�>.!
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lÑ&Ò ~f�O�

~�S�ZC�

ü À-S�:δ(n),X (z) = 1
5¿: ü À-S�Ø´ü À-¼ê�lÑÄ�!

ü ��S�u(n), X (z) = z
z−1 , |z | > 1

Ý/S�:GN(n),X (z) = 1−z−N

1−z−1

�êX�anu(n),X (z) = z
z−a , |z | > |a|

{uS�cos(nw0)u(n),X (z) = z(z−cosw0)
z2−2z cosw0+1

.

***2Ä�S�µxb(n) = x(nb)

DownsamplingüÄ�: xM(n) = x(Mn),M ∈ N
ZC�XM(z) = X (z1/M) ROCCz!

UpSampling ,Ä�µx1/M(n) = x(n/M),M ∈ N (�Ö");

ZC�X1/M(z) = X (zM) ROCCz!
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lÑ&Ò ~f�O�

ZC��5�

AO:z�òÈ(EòÈ)´±ÏòÈ(÷�±È©)!
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lÑ&Ò ~f�O�

E©Û£�: 3ê�È©úª

È©úª

�Ü½n: )Û¼ê
∮
C f (z)dz = 0

�ÜÈ©úª: f (z0) = 1
2πi

∮
C

f (z)
z−z0

dz

AOf (n)(z0) = n!
2πi

∮
C

f (z)
(z−z0)n+1 dz

3ê

Laurent?ê f (z) =
∑∞

n=−infty cn(z − z0)n

c−1 = 1
2πi

∮
C f (z)dz¡�34:z0?�3êRes(z0)¶

��cn = 1
2πi

∮
C

f (z)
(z−z0)n+1 dz .

3ê½n:
∮
C f (z)dz = 2πi(Res(z0) + Res(z1) + . . . ).

kn¼êf (z) = N(z)
D(z)3{ü4:(��)z0?3ê�

c−1 = limz→z0(z − z0)f (z) = N(z0)
D′(z0)
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lÑ&Ò ~f�O�

_ZC�

Theorem (_ZC�úª)

x(n) = 1
2πi

∮
C X (z)zn−1dz, C�Âñ�S�µ4�"

Corollary

lÑ�mFá�C�(DTFT)�_C�:

x(n) =
1

2π

∫ π

−π
X (e iω)e iωndω

O��{:

kn©ªÐm X (z)/z = N(z)
D(z)

�?êÐm§X (z) =
∑

x(n)z−n �Ø{¶

��O�µ|^{ü¼ê�ZC��$�"
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lÑLTIXÚ lÑLTIXÚ�D4¼ê

lÑLTIXÚ

lÑ�5�ØCXÚ(LTI)

Theorem

lÑ�5�ØCXÚ(LTI)´òÈXÚ: y(n) = x(n) ∗ h(n) h(n)´δ(n)�
ü À-�A"

Outline: x(n) =
∑

x(m)δ(n −m),δ(n −m)→ h(n −m).

lÑXÚÄ�$�:ü ò�,\{ì§��ì"

E,XÚ: XÚ�¿é(�A¼ê\{),Gé(�A¼êòÈEÜ);

LTIÏJXÚ��=�h(n)´ÏJS�

LTI½��=�
∑
|h(n)| < +∞

���.(ARMA): �±w¤��~Xê�©�§∑
biy(n − i) =

∑
ajx(n − j).
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lÑLTIXÚ lÑLTIXÚ�D4¼ê

lÑLTIXÚ�D4¼ê

Definition (D4¼ê)

��lÑLTI�Ñ\ÑÑ&ÒZC��'�H(z) = Y (z)
X (z)¡�XÚ�D4

¼ê½XÚ¼ê"

AO: knD4¼ê
∑

biy(n − i) =
∑

ajx(n − j), KH(z) =
∑

ajz
−j∑

biz−i

H(z)�_zC�´h(n).

LTIÏJXÚ �dµD4¼ê�ROC�,��	Ü"knXÚ:©f
Ø�u©1��¶

LTI½ �d:D4¼ê�ROC�¹ü �"ÏJknXÚ:4:3
ü �S"

XÚªÇ�A

H(z) = |H(z)|e iargH(z), arg(H(z)) = arctan(Him(z)/Hre(z))
AOY (e iw ) = H(e iw )e iw ,´XÚé�u&Ò��A"
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lÑLTIXÚ lÑLTIXÚ�D4¼ê

XÚ�©a

knD4¼êªÇ�AµH(e iω) = p0
d0

e iω(N−M)
∏M

k=1(e iω−ξk )∏N
k=1(e iω−λk )

,

ÌÝ�A|H(e iω)| =
∣∣∣p0
d0

∣∣∣ ∏M
k=1 |e iω−ξk |∏N
k=1 |e iω−λk |

� �Aθ(ω) = argH(e iω) =
arg p0

d0
+ ω(N −M) +

∑M
k=1 arg(e iω − ξk)−

∑N
k=1 arg(e iω − λk)

UÌÝ�A©a: n�ÈÅ¼êµ$Ï§pÏ§�Ï§�{¶
k.¢D4¼êBR:|H(e iω)| ≤ 1,AOÃ�XÚXJUþØC"
�ÏD4¼ê:|H(e iω|) = 1
U� �A©a:
"� D4¼êµθ(ω) = 0 Ø�3"� ÏJÈÅì"
�5� D4¼êµH(e iω) = e−iωD , +ò´τ(ω) = D
***����� D4¼ê:¤k":|ξk | < 1¡���� ¶���
�� ¶Ø�½K´·Ü� ¶

éknD4¼êH(z) = N(z)/D(z),U�A�ê©a¶
FIR:k�À-�A D(z) = 1, h(n)k��¶q¡��":ÈÅì¶
IIR:Ã¡À-�A D(z) 6= 1, h(n)Ã��¶q¡�48ÈÅì¶
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lÑLTIXÚ lÑLTIXÚ�~f

{üÈÅì:MA,MD

£Ä²þÈÅìy(n) = 0.5x(n) + 0.5x(n − 1)

DC�6&Òx(n) = 1→ y(n) = 1, AC�6&
Òx(n) = (−1)n → y(n) = 0.

��ªÇ&Ò e inw → (0.5 + 0.5e−inw )e inw .

H(e iw ) = 0.5 + 0.5e iw = e−iw/2 cos(w/2)´$ÏÈÅì.
AO´�5� ÈÅì"

aqµ£Ä�©ÈÅ

ìy(n) = 0.5x(n)− 0.5x(n − 1),H(e iw ) = e−iw/2i sin(w/2).

Proposition (é¡���5� )

XJh(k) = h(N − k),KH(w) = e−iwN/2|H(w)|,AO|H(w)|´ó¼ê"

�Ñ&Òý?n: y(n) = x(n)− ax(n − 1), 0 < a ≤ 1.
|H(e iw )| =

√
1 + a2 − 2a cos w ´'uw ∈ [0, π]�O¼ê.(��pª).
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lÑLTIXÚ êiÈÅì��O

êiÈÅì�OL§

8Iµ�EDÑ¼êG (z)%C�½�ªÇ�A"

�O�Iµëêωp, ωs , δp, δs

(½ÈÅìa.µFIR, IIR

(½ÈÅì��êµN

�ÑÈÅì�XêµP(z),P(z)/Q(z)

|^O�ÅS�`zXê"

5Pµ �E�_EC�s = F (ŝ)��ªÇC�" ØÓªÇ�A�ÈÅ
ì�±=��$ÏÈÅì¶

pÏ Ω = −ΩpΩ̂p

Ω̂
, ω̂ = −1/ω

�Ï Ω = −Ωp
Ω̂0

2−Ω̂2

Ω̂Bω
, ω̂ = ω − 1/ω

�{ Ω = Ωs
Ω̂Bω

Ω̂0
2−Ω̂2

, ω̂ = 1
ω−1/ω
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lÑLTIXÚ êiÈÅì��O

$ÏêiÈÅì�O�I

Ï���ªÇωp,{���ªÇωs

Ï�

þ|ω| ≤ ωp, 1− δp ≤ |G (e iω)| ≤ 1 + δp
{�þ ωs ≤ |ω| ≤ π, |G (e iω)| ≤ δs
¸Å«�δq, δs^�Ã¼êL
«αp = −20 lg(1− δp)dB,
αs = −20 lg(δs)dB,¡�Ï�¸�Å
«§��{�P~"

ü zµ�ÌÝ����1¶Ï�Å
«L«1/

√
1 + ε2; {�Å«L«1/A

***Ù¦ëêµÀJ5ë
êµk = ωp/ωs < 1
©Eëêµk1 = ε√

A2−1
<< 1.
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lÑLTIXÚ êiÈÅì��O

êiÈÅì��O�{

FIR: �«I��Oúª¶N�Xê¶"""
fir1,firpm,firls;

IIR: |^¤Ù��[ÈÅì�O"

1 êiªÇ�A�I=z��[ªÇ�¶
2 ~^�[ÈÅì�õ�ª��O¶
3 V�5C�£�êiªÇ�¶
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lÑLTIXÚ êiÈÅì��O

FIRI¼ê�OµButterworthÈÅì

|H(Ω)|2 = 1
1+(Ω/Ωc )2N ,

Ω = 0��¶Ωc´3dB��ªÇ¶A
OG (2Ω) ≈ G (Ω)− 6NdB"

dΩc ,Nû½"
1

1+(Ωp/Ωc )2N = 1/(1 + ε2),
1

1+(Ωs/Ωc )2N = 1/A2;

N = 1
2

lg((A2−1)/ε2)
lg(Ωs/Ωp) = lg k1

lg k

���±�¤ H(s) = C
DN(s) = ΩN

c∏
(s−pi ) .

�±�L½^MATLAB��"

A�µÏ�,{�SüN¶
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lÑLTIXÚ êiÈÅì��O

~�I¼ê

Ý/I¼êµω[n] = 1

Bartlett(n�/)µω[n] = 1− |n|/(M + 1);

Hanning:
ω[n] = 0.5(1 + cos(2πn/(2M + 1)));
Hamming:
ω[n] = 0.54 + 0.46 cos(2πn/(2M + 1))

Blackman:
ω[n] = 0.42 + 0.5 cos(2πn/(2M + 1)) +
0.08 cos(4πn/(2M + 1));

Ω�/GëêµÌ�°Ý∆t§�é��

?Ad .
%CÌ�°Ý,LÞ�
°∆ω = ωs − ωp ≈ c

M ,c�~
ê"c = 4π, 8π, 12π... ��δ´~ê""
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lÑLTIXÚ êiÈÅì��O

FIR:�ZÈÅì

�Å«ÈÅì equi-ripple

4�4�%C: ���Ø(Ï�Ú{�)Ñ�
�"maxw |Ideal(w)− H(w)|
��^é¡ÈÅì

��½n:d�õ�ª%C§�õÑyd + 2g��"

��À½: KaiserúªN = αs−8
2.285(∆ω) .

�{: Parks-McClellan�{(AORemezS��{)

MATLAB firpmord(), firpm()

���¦ÈÅì

MSL 4�z�ØR =
∫
|ideal(w)− H(w)|2dw |

Ì�æN:Gibbsy�µ

�^Levinson-Durbin S��{"

MATLAB: firls()
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lÑLTIXÚ êiÈÅì��O

IIRÈÅì�OµV�5C�

Definition

l�[ªÇ��êiªÇ��C�

s = 2
T

1−z−1

1+z−1

éA�êiD4¼ê G (z) = H(s)|s=∗∗

Proposition

s = a + bi, z = 1+(a+bi)T/2
1−(a+bi)T/2

J¶N�ü �¶ªÇÌ��N�

�\z = e iω, ªÇ'XΩ = 2
T tan(ω2 )

V�5C����±{zµ-T = 2,
z = 1+s

1−s .
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lÑLTIXÚ êiÈÅì��O

�Ù�\ÆS¯K

Nþ�'¯K±B�§Ï"�wÀJµ

Ù¦Ä�½n(ª�,Ý/Ä�)¶

.Ê.dC�9ÙA^¶

êiÈÅì�O�Ù¦�{¶(MATLAB¥)

êiÈÅì�O�I¼êÀ��'�¶

��½n�y²:d�õ�ª%C§�õÑyd + 2g��"

firpm¥Parks-McClellan�{¶

firls¥�{¶

{ü�êiÈÅìA^¶
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Chapter 4: k�&Ò�DÕC�
Finite signals and sparse transformation

lÑFá�C�

DFT
FFT

lÑ{uC�

�ÅC�

Harr�Å
ÈÅì|��E

�ÅÄÚDÕL«

ë�Öµêi&Ò�ã�?n: 1oÙ
G.Strang: Computational Science and engineering:

£�

I ëY&Ò§ëY�mXÚµFá�©Û�¼ê�m

�[&Ò?n: %Cn�ÈÅì(ButterworthÈÅì)

I lÑ&Ò§lÑ�mXÚ: ZC� � E?ê
êi&Ò?n: �Eh(n),¦�H(e iw )%Cn�ÈÅì(�Å
«ÈÅì)

I k�&Ò, Ý
C�µÝ
ÄC�→ DÕÝ

&Ò�D4�Ø : ÏéÜ·&Ò�Ü·�Ä? �ÅÄ"D
Õ&Ò

llÑ&Ò�k�&Ò

¢SA^¥7,´k��Ä�&Ò¶x(t)→ x(n)→ x [N]

I ��k�&Ò��{: �ä"
�m�:x [N] = x(n) · G (N),Ù¥G (N)���N�Ý/óÀ"
ªÇ�: XN(w) = X (w) ∗ sinc(w);

I ¯K: òÈ�)ªÇ�¦"
k�&Ò�ªÇÌ´Ã¡�!

lk�&Ò��lÑÌ

I ±Ïòÿ�&Ò → lÑÌ
I \"�±Ïòÿ¶

I é¡*Ü�±Ïòÿ¶



lÑFá�C�DFT

I k�S�x [n], Fá�ÌX [k], ªÇWN = e−i2π/N ;

I lÑFá�C�(DFT) X [k] =
∑N−1

n=0 x [n]W kn
N ,

k ∈ [0,N − 1)

I lÑFá�_C�(IDFT) x [n] = 1
N

∑k=N−1
k=0 X [k]W−kn

N

I Ý
L«µ

DN =


1 1 1 . . . 1

1 W 1
N W 2

N . . . W N−1
N

1 W 2
N W 4

N . . . W
2(N−1)
N

...
...

...
. . .

...

1 W N−1
N W

2(N−1)
N . . . W

(N−1)(N−1)
N


I C�úª X = DNx ,_C�x = 1

N D∗NX .
Ý
´VandemondeÝ
!

DFT5�

I Fá�ÌX [k]´lÑ�±ÏÌ"(´ü �þ�N:Ä�)
N�À�¯K: x(N)�N:DFT�x(N)\"�2N:DFT�
Oº ���6�&Ò�á�²5"

I é¡��ÝµW k
N = −W

N/2+k
N ,W N

N = 1
AO¢S�k:X [N − k] = X [k]∗

I ±Ï(½Ì�)òÈ: x [n] ∗ y [n] =
∑i=N−1

i=0 x(i)y(N − i)

I Parseval �ª"

DFT�O�

O�E,Ýµ

I O�¤kC���� N2�Eê¦{§N(N − 1)Eê\{"
=4N2�¢ê¦{§ (4N − 2)N¢ê\{¶

I O���C���(~^Goertzel�{µ)(�5ÈÅì�{)
|^W−kN

N = 1,DFT�±�¤S��òÈ¶

X [k] =
∑N−1

l=0 x [l ]W kl
N =

∑N−1
l=0 x [l ]W

−k(N−l)
N

X [k] = yk [n]|n=N , yk [n] =
∑n

l=0 x [l ]W
−k(n−l)
N , xe [n] =

x [n], hk [n] = W−kn
N O

�yk [n] = xe [n]⊗ hk [n],=Yk(Z ) = Xe(Z)

1−W−k
N z−1

;

4íúªµyk [n] = x [n] + W−k
N yk [n − 1], 0 ≤ n ≤ N

�{E,Ýµ2N�¢¦{§2N�¢\{¶X [k],X [n − k]�
é¡5¶

DFTÝ


DFTÝ
:

DN =


1 1 1 . . . 1

1 w1
N w2

N . . . wN−1
N

1 w2
N w4

N . . . w
2(N−1)
N

...
...

...
. . .

...

1 wN−1
N w

2(N−1)
N . . . w

(N−1)(N−1)
N


MATLAB¢y  j = 0 : N − 1; k = j ′; F = w . ∧ (k ∗ j)
D = fft(eye(N));

I Ý
���þ´���! ��o? ´,�é¡Ý
(���
©)�A��þ! ë�DCTÜ©

I ~fµD4(δ) = (1, 1, 1, 1),D4(DC ) = δ
D4(sin) = (0, 1/2i , 0,−1/2i). lÑ{uC�DCT´¢C�!



DFTÝ
©)

D4 =


1 1 1 1
1 i i2 i3

1 i2 i4 i6

1 i3 i6 i9

 =


1 1

1 i
1 −1

1 −i

 ∗


1 1
1 i2

1 1
1 i2

 ∗


1
1

1
1


��� F2N =

[
IN AN

IN −AN

]
∗
[

FN

FN

]
∗
[
even-odd permutation

]
Ù¥AN´é�
(1,w ,w2, ...wN).
O�þ: �kNgé�
O�!!! 4íkcN log Ng$�!
5: z�Ý
´DÕÝ
!

FFT�¢y

I �&Ò�ck ,©)�Ûóc1
k , c

2
k

I C�kf 1 = DNc1, f 2 = DNc2;

I KO�kfj = f 1
j + w j f 2

j , 0 ≤ j ≤ N − 1

fj = f 1
j − w j f 2

j ,N ≤ j ≤ 2N − 1

MATLAB¢y
f 1 = fft(c(0 : 2 : 2N − 2)) ∗ N;
f 2 = fft(c(1 : 2 : 2N − 1)) ∗ N;
A = w . ∧ (0 : N − 1)′;
f = [f 1 + A. ∗ f 2, f 1 − A. ∗ f 2].
~f:D1024�©)"

ØÓ/ª�FFT

I DIT U�mÄ
�µX [k] = P(k/2) + W k

NS(k/2)
Cooley-Turkey �{(1965),
Gauss(1805);
5¿: ÑÑ�&Ò^S=�?�L«
�_S!

I DIF UªÇÄ� X [2k] =∑
(x(j)+x(j+N/2))W jk¶X [2k+1] =∑
(x(j)− x(j + N/2))W jk

I Ä4��{,�±Ø^¦{!

I FFTW: ë��Õ¶

I A^: òÈO�(õ�ªO�)¶

k�&Ò�.

lÑ&Ò�k�&Ò?

I lÑ&ÒFIRXÚ: y(n) =
∑M

k=1 x(n − k)h(k)
Ý
L«: ~y = T~x ,T´ToeplitzÝ
"
(~é��Ý
)

I ±Ïòÿ&Ò:(DFT) ToeplitzÝ
→ Ì�Ý

I \": >.ªÇ�¦?

I é¡òÿ: DCT ToeplitzÝ
→ AO�é¡Ý

Fá�C�:

I Fá�C�Ý
DN = (w jk)N×N ,w = e−i2π/N

Pvk = (w0k ,w1k , . . . ,w (N−1)k). Kvk��|��Ä¶
DN=ÄC�¶

I ��A5: vk�¤kToeplitzÝ
�A��þ"

I k�&Ò DN~y = DNT~x = ΛDN~x



k�&Ò~f

I ���©Ý
A = 1
4


2 −1 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −1 2

,Fá�Ý


D4 =


1 1 1 1
1 i i2 i3

1 i2 i4 i6

1 i3 i6 i9


I B�A��:0, 0.5, 1, 0.5, =FIRXê�Fá�C
�h = (2/4,−1/4, 0,−1/4)
Y = HX

I ��²þÝ
B = 1
4


2 1 0 1
1 2 1 0
0 1 2 1
1 0 1 2


5¿:k�Ó�A��þÚ�Ó�A��!(�^SØÓ)

Ïé¢Xê�Fá�C�º
{¤:

I ëY&Ò: ¢�ó¼ê�Fá�C�´¢Xê�({uC�);

I lÑ&Ò: ��1974µRaouy DCT2 (^u%
CKarhunen-LoeveÄ,&ÒØ )

I 1985 Wang�Ñ8«DCT/ª¶

I 5P: lÑ¯K'ëY¯Kk�õ�E,5(>.^�)

Fá�C�Ý
���

©Ý
�A��þÝ


A0 =
2 −1 −1
−1 2 −1

. . .
−1 2 −1

−1 −1 2



I vk´A��þ§A��λk = 2− 2 cos 2kπ
N

I AO: A0´¢é¡Ý
§ØÓA��þ´�

�§�±À��¢A��þ"5

¿λk = λN−k .
ck = Re(vk) =

(1, cos 2kπ
N , . . . , cos 2(N−1)kπ

N );

sk = Im(vk) = (1, sin 2kπ
N , . . . , sin 2(N−1)kπ

N );

I Øv: ck��ÝØ��" c0, cN/2´
√

N,Ù

¦´
√

N/2!

k�&Ò�>.^�

ëY&Ò�>.^�µ

I ëY&Ò[0, π]�óòÿ¶�©�§: u
′′

= −u,

I ":>.^�: Neumann ^�u′(0) = 0

I π:>.^�éAØÓA�¼ê(A��)¶
Neumann ^�u′(π) = 0 → cos kx
½Dirichlet^�u(π) = 0 → cos(k + 1/2)x

k�&Ò�>.^�µ

I �©�§:A0v = −v

I lÑé¡òÿ: ���òÿ(meshpoint) u1, u0, u1

���òÿ(midpoint) u1, u0, u0, u1

I ü«>.^�§ü«òÿ§ü�à:��k8«DCTC�¶
��:�üà:�òÿ�ª��§kDCT1-4;
Ø��kDCT5-8;(¡�odd DCT)Ø~^¶

lÑ{uC���©Ý
DCT2

A0 =
∗ ∗
−1 2 −1

. . .
−1 2 −1

∗∗ ∗∗


A2 =

1 −1
−1 2 −1

. . .
−1 2 −1

−1 1



I ":�midpointòÿ¶u−1 = u0

Ý
1�1�(1− 1...);

I ":�meshpointòÿ¶u−1 = u1

Ý
1�1�(2− 2...);

I π:�Neumann^�; ���1Óþü«�
U¶

I π:�Dirichlet^�;�midpointò
ÿ¶uN = uN−1;
Ý
���1:(...− 13);

I π:�Dirichlet^�;�meshpointò
ÿ¶uN = 0;
Ý
���1:(...− 12);

AODCT2µüàÑ�midpointÚNeumann^�!



lÑ{uC�Ý
DCT2

DCT2

I A��þ:
ck = (cos(1/2)kπ/N, cos(1/2)kπ/N, . . . , cos(N−1/2)kπ/N);
A��:2− 2 cos(k + 1/2)π/N;

I DCT2Ý
�( 1√
N

cos(j + 1/2)kπ/N), 0 ≤ j , k ≤ N − 1.

AO´§´��Ý
!

I ¡Ù¥%(òÿ)�−1/2,N − 1/2,�Ý�N

I O�µ�±^FFT¢y¶

I A^µ JPEGØ ¶À�8× 8ã�¬§��DCT 2Xê¶Ø
 (D4)§IDCT¡E¶
éuk�'5�&ÒkéÐ�Ø õU!

lÑ{uC�Ý
9Ù¦

I DCT1,3����z(A��þ�ÝØ��),DCT4�±¶

I DCT5-8�Ä�þ”�Ý”�N ± 1/2Ø�BO�¶(�±é¡
*¿)

I í2: Malvar�Modulated-lappedC�: �E���CXã�
¬^uã�C�¶Dolby AC-3.�^DCT 4, 8;

I 5Pµ�ØÓ��©Ý
§|^A��þ�±��#�Ý


§�Uk#��Ð�ÄC�º

I ÄÀ��6u: êÆ§O�§Ú&Ò
Àú&Ò��ÅÄ�À�´g,�§<úw��´�Å!!!

Ïé�Ð�ÄC�?

À�Ä�Ì��¦:

I O��Ý: FFT,FWT

I °(%C: sparse DÕ&Ò

I ��5: F−1 = (FT )∗ �±vk!

�~f:

I ëY1w&Ò: Fá�Ä§¯K: Gibbsy�!

I kmä:�&Ò(ã�): �ÅÄ

I k���{: ©ã�5õ�ª¶

I �^%C: ©ã1wõ�ª¶

I Ù¦Ä: �©�§¦) Bessel¼ê§...

Harr�Å

I &Ò: x = (x1, x2, x3, x4) = (6, 4, 5, 1)

I $ÏÈÅì: £Ä²þ y = (x1 + x2)/2, (x3 + x4)/2

I pÏÈÅì: £Ä�© z = (−x1 + x2)/2, (−x3 + x4)/2

I ¡E&Ò: y , z → x

I �S�A^ÈÅì: yy = (x1 + x2 + x3 + x4)/4,
zy = (−x1 − x2 + x3 + x4)/4;2¡E&Ò¶

I �Ø &Ò!

�ÅC�

I &Ò: x = (x1, x2, x3, x4)

I $ÏÈÅì+üÄ�: y = (5, 3)

I pÏÈÅì+üÄ�: z = (−1,−2)

I S�A^ÈÅì+üÄ�: yy = 4, zy = 1;

I ���ÅXê(4,−1,−1,−2)

I ¡EÝ
:



ÈÅì|��ÅC�

H =

∗ ∗
h0(0) h0(1) ∗

h0(0) h0(1)
h1(0) h1(1) ∗

h1(0) h1(1) ∗
∗ ∗



I &Ò→ (üÏ�))ÛÈÅì| → �
ÅXê (pÏÈÅì�(J)
�ÅXê → Ü¤ÈÅì| → ¡E
�&Ò"

I Ý
C�:(Ù¥h0, h1�FIRÈÅìX
ê) Hx = y

I ¯��ÅC�FWTµS�A^)Û
ÈÅì§5¿H1/2�^3���Ý�

&Òþ" · · ·H1/4 · H1/2 · Hx = y
¦{gê: ��¯��{�HolyGrail!
(LN + L ∗ N/2 + L ∗ N/4 + . . . ) =
2LN = O(N),Ù¥L�ÈÅì�
Ý§N�&Ò�Ý"

I aqÜ¤ÈÅì|��_�ÅC�!

lHarr�Å�Ù¦

lk�Ý
�Ã¡ÈÅì

I Harr�Å5uDFT2, 5¿���kWalsh C�(Ý
��
��1,−1)"

I Harr�ÅI�^$Ï§pÏÈÅì(Ã¡�)ÚþeÄ�$
�¶

I &Ò�>.I�*Ü(é¡,\",±Ï);

Proposition (þeÄ��ªÇ�A)

(↓ 2)(e iwn) = 1
2(e iwn/2 + e i(w/2+π)n) ,(↑ 2)(e iwn) = e i2wn.

AO (↑ 2)(↓ 2)(e iwn) = 1
2(e iwn + e i(w+π)n)

N: �Å~^é¡*Ü§AO&Ò�*Ü�ª(Û½ó*Ü)�$
ÏÈÅì�é¡5��!
Harr�Å´��é¡§���Å"

^�PRµ�ElÑ�ÅÄ
Daubechies:V��,�3W̃ ·W = Id .
�)ÛÈÅì|h0, h1,Ü¤ÈÅì|f0, f1.
^�PR: F0(z)H0(z) + F1(z)H1(z) = 2z−l

F0(z)H0(−z) + F1(z)H1(−z) = 0

I ÏJXÚ�����duªÇ�A´��l�ò´§��
§�"Harr�Åò´�1.

I þeÄ��)·UªÇw + π,7L���du�§
�"e i(w+π) = −e iw

I {üÀ�: F0(z) = H1(−z),F1(z) = −H0(−z)§½Â¦È$
ÏÈÅìP0(z) = F0(z)H0(z), �d^
�µP0(z)− P0(−z) = 2z−l .
AOµP0(z)�õ�ª�Ûê�XêØz−l	Ñ�""

I �5zÈÅì(half-band) P(z) = z lP0(z),PR^�
�P(z) + P(−z) = 2

~f:5/3ÈÅì, h0 = (−1, 2, 6, 2,−1)/8, f0 = (1, 2, 1)/2
h1 = (1, 2, 1)/4, f1 = (1, 2,−6, 2, 1)/4.

ÈÅì�O~f

ÈÅì|�OµÀ�P0(z),À�H0. ��H1,F0,F1.

EXAMPLE (maxflat ÈÅì)

¦ÈÈÅìP0(z) = 1
16(−1 + 9z−2 + 16z−3 + 9−4 − z−6) 6�"

::4�z = −1§9c = 2 +
√

3, 1/c

I 2/6ÈÅì½(6/2): �H0(z) = (1 + z−1)/z,
1
2(1, 1), 18(−1, 1, 8, 8, 1,−1)

I 3/5ÈÅì½(5/3):�H0(z) = (1 + z−1)2/z2,
1
4(1, 2, 1), 14(−1, 2, 6, 2,−1)

I 4/4��ÈÅ
ì(Daubechies):�H0(z) = (1 + z−1)2(c − z−1)/z3,
1
8(1 +

√
3, 3 +

√
3, 3−

√
3, 1−

√
3), 14(1−

√
3, 3−

√
3, 3 +√

3, 1 +
√

3)

5¿µ���H0XêÚ�1,F0�XêÚ�2. ~^5/3§6/2ÈÅ
ì"AOJPEG2000¦^9/7§5/3ÈÅì"



Fá�C�VS �ÅC�

I ëY&Ò: Fá�
Äcos t, sin t → w(t), φ(t)

I Fá�C�:�m�ªÇ�§�ÅC
�: �m�� õºÝ©)(ÛÜ�ª
&Ò)

I Harr�Å:()�ã�)
²þµΦ(t) = Φ(2t) + Φ(2t − 1)
[!: w(t) = φ(2t)− φ(2t − 1)
S�k: wjk(t) = 2jw(2j t − k)

I �ÅÄ�`:: ÛÜÄ§�\
[(refine),¯�§k�%C(!!!).
k��Ú�^¼ê=¢ycn^.

L2�m��ÅÄ�ºÝ�§

I L2¼ê��Å©):
f (t) =

∑
akφ(t − k) +

∑∑
bjkwjk(t)

I ºÝ�§(refinement equation)
φ(t) = 2

∑L
k=0 h0(k)φ(2t − k)

�Å�§ w(t) = 2
∑L

k=0 h1(k)φ(2t − k)
5¿: h0.h1=ÈÅìXê!

I ºÝ�§�): {ü/ª=B�^¼
ê(Harr�Å�EÜ) ��ëY/ª�)é
E,§�Daubechies �Å1D)Ú2D)"

I �Å�m�©): V0 = {
∑

akφ(t − k)},
W0 = {

∑
ckw(t − k)},

V1 = {
∑

bkφ(2t − k)}.
ºÝ�§+�Å�§→ V0 + W0 = V1,
�gkV0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ V∞ = L2

I ��^ÈÅì¢ylÑ�ÅC�!

lÑ�ÅÄ��E

|^φ(t) = 2
∑L

k=0 h0(k)φ(2t − k)§ �Eh0,¦)φ(t),
***l��h1§±9Ü¤ÈÅì|�$Ï§pÏÈÅìf0, f1.
Ä�¯Kµ

1. �35µºÝ�§k)�¿©^�(^�E)
�¼©Ûµ�duφ(t − k)´�|½Ä(Riesz basis).

2. °(%C: k��%C�¿©^�(^�Ap)

3. ���(V��Ä)µ�3Ü¤ÈÅì| Perfect
Reconstruction (^�PR)

4. (***) ��Äµ^�O

^�EÚ^�Ap

^�E: T = 2(↓ 2)H0HT
0 �¤kA��λ < 1, Ø��{üA��

�1

I Cascade�{µφi+1(t) = 2
∑L

k=0 h0(k)φi (2t − k)
φ0(t)��[0, 1]þÝ/Å"½n:φ(t)�;�|8�[0, L]. ë
�cascade.m

I ~fµÂñ h0 = (14 ,
1
2 ,

1
4) → hat¼ê

Daubechies:h0 = 1
8(1 +

√
3, 3 +

√
3, 3−

√
3, 1−

√
3)

ØÂñµh0 = (2/3, 1/3)

I 7�^�:ªÇ�AH0(π) = 0, LÈAC&Ò!

^�Ap: M = (↓ 2)2Hkp�A��1, 1/2, . . . , (1/2)p−1.

I f�p�%Cµ?�f�ÙÝK��Å�mVp¥��Ø�¿©

�"

=|f (t)−
∑

ajkφjk(t)| ≤ C 2−jp|f (p)(t)|
I �d^�1: ªÇ�AH0(z)k��p�":3z = e iπ.
�d^�2µ

∑L
k=0(−1)kkmh(k) = 0,m = 0, 1, . . . , p − 1



Karl Poper: In search of a better world(basis)?

f (t) ≈
∑

ckφk(t): �éØÓ&ÒN�ÏéÜ·�Äº

I �5C�µÀ�cN�Xêµ (¦^Fá�Ä½�ÅÄ)

I ��5C�µÀ�cN����Xêµ��|¢(basis
pursuit)

I DÕC�µ4�zUþ||f −
∑

ckφk |+ α
∑
|ck | (Lasso)

5¿µDÕL«�¦l0�ê�§�^l1�ê�Ð�§
�Donoho�y²µ VÇ¿Âe§^l1�êé��´�(
�"

I 1wL«µ4�zUþ||f −
∑

ckφk |+ α|
∑

ckφk |TV
Total Variation �ê~^uã�?n"

�Ù�\ÆS¯K

Nþ�'¯K±B�§Ï"�wÀJµ

I Ä�4½Ù¦�FFTC�;

I FFT�A^¶

I DCT4½Ù¦a.�DCTC�¶

I JPEG�DCT�{{0¶

I {ü�Å(B�^)�~fÚA^¶

I JPEG2000�DWT�{{0¶

I ã�üD��Å�{¶



&Ò?n�êÆ�{

aka &Ò�XÚ�êÆ�{
Mathematical Methods in Signal Processing

ÜgN

zhangsirong@buaa.edu.cn

êÆ�XÚ�ÆÆ�§�®Ê�ÊU�Æ

Department of Mathematics, Beihang University

May 26, 2011

Chapter 5: �Å&Ò����¦
Random signals and Least squares

�Å&Ò�.

�Å&Ò

Ì©)�ARMA�.
�.�ëêÚ�O

���¦�ÈÅì�{¢y

���¦�ÈÅì

���¦�4í�{Þ~

�BÈÅì�Levinson�{

ë�Öµ

ÜRÀ�µ lÑ�Å&Ò?n§�u�ÆÑ��"2005
G.Strang: Computational Science and engineering:

ý¢.�&Ò?n

ý¢&Ò=n�&Ò+DÑ&Ò=x(t) + e(t)→ h(n)→ x(t) ¡E
&Ò

I ý¢&Òµ�¹Ø(½5§Ø���ýÏÙ�"

&ÒL«µ(lÑ)�ÅL§"¹�mCþ��ÅCþx(t, ξ)
n�&Òµ¼ê�mL«¶L2

DÑ&Ò: �{ü´xDÑ�ÅL§(��Ø�ýÏ)¶
~�DÑ: >��6>DÑ60â[§ã��þíDÑ��;

I ÚO&Ò?n: &Ò�²þ�ÚOA�´(½�,�±|^ê
âÚOþ�O&Ò�ÚOA�"

Ì�SNµ &Ò©Û(Ì�O)
&ÒÈÅ(�5ÈÅWienerÈÅì§���¦§g·AÈ
Å§KalmanÈÅ).
A^:�Ñ?n§�D§&Òýÿ§£O�"

�ÅCþ

Remark (�ÅCþ)

I VÇ�mµ(X ,S,P)

I �ÅCþ´��N�: x : X → R, ¦�
{x(ξ) < a}´�¯�(�ÿ8);

I CDF©Ù¼êµFx(a) = Pr(x(ξ) < a) PDF�Ý¼ê
fx(a) = F ′(a)

Remark (�Å�þ)

I M��Å�þµx̄ = (x1, x2, . . . , xM)

I CDF©Ù¼êµFbarx(ā) = Pr(xi (ξ) < ai , 1 ≤ i ≤ M)
PDFéÜ�Ý¼ê fx(a) = ∂x1 . . . ∂xMF (a)

I >S�Ý¼êµfxi =
∫
. . .
∫
fx(a)dx1 . . . dxi−1dxi+1 . . . dxM .

Õá�ÅCþµ fx1,x2(a, b) = fx1(a)fx2(b)



�ÅCþ�A�

Remark (ÚOA�)

I Ï":E (x) = µx =
∫∞
−∞ afx(a)da

I ��µσ2x = Var(x) =
∫∞
−∞(a− µx)2fx(a)da

IO��µσx ;

I moments: rm = E ((x − µx)m) =
∫∞
−∞(a− µx)mfx(a)da p�

Ý"

n�Ýµskewness ��Ç§o�Ýµ kurtosis ¸Ý
A�¼êµ Φx(s) = E (exs) =

∫
fxe

sada

EXAMPLE

I þ!©Ù:fx(t) = 1/(b − a), a ≤ t ≤ b, µx = (b + a)/2,
σx = (b − a)2/12

I pd©Ùµfx(t) = 1√
2πσ2

x

e
− (x−µx )

2

2σ2
x

�'Ý


Remark (�Å�þÚOA�)

I Ï"�þµµx = (µ1, . . . , µM)

I g�'Ý
: Rx = E (x̄(ξ)x̄ ′(ξ)) = [rij ]
g���Ý
µ Γx = E (x − µx)(x − µx)′ = γij = Rx − µxµ′x

I p�'Ý
: Rxy = E (x̄(ξ)ȳ ′(ξ)) = [rij ]
p���Ý
µ

Γxy = E (x − µx)(y − µx)′ = γij = Rxy − µxµ′y

Proposition (�'5)

x , y´Ø�'�XJΓxy = 0
x , y´���§XJRxy = 0
x , y´Õá�§XJfx ,y (a, b) = fx(a)fy (b)

lÑ�ÅL§

Definition (lÑ�ÅL§)

�½���mX = {ξk},��X�êx(n, ξk)¡�lÑ�ÅL§½
lÑ�ÅS�"

�½n, x(n, ξk)´���ÅCþ¶�½ξk , x(n, ξk)´����S
�¶

Proposition (£ã)

I éÜVÇ©

ÙµF (x1, . . . , xM ; n1, . . . , nm) = Pr(x(ni ) ≤ xi , 1 ≤ i ≤ M

I ÚOA�:µ(n) = E (x(n)), σ(n);

I g�'Ý
µr(n1, n2) = E (x(n1)x(n2)
g���Ý
µγ(n1, n2) = r(n1, n2)− µ(n1)µ(n2)

IIDµp�Õá��ÅL§¶ Ø�'L§¶��L§µ±ÏL
§¶

²�Å&Ò

�ÅL§x(n)�x(n + k)�ÚOþ�Ó"

Definition (SSSî�²&Ò)

XJéÜ©Ù�Ý¼ê÷vµ?Ûk¤á
f (x1, . . . , xM ; n1, . . . , nm) = f (x1, . . . , xM ; n1+k , . . . , nm+k)

p�Ý²(��mÃ'),��p = 2

Definition (WSS°²&Ò)

�Å&Ò÷v,

1. µ(n) = µx

2. var(x(n)) = σ2x

3. rx(n1, n2) = r(|n1 − n2|) = r(k),¡�g�'S�"



²&Òg�'S�

Proposition

I rx(0) = σ2x + |µx |2 ≥ rx(k)

I rx(k) = r∗x (−k)

I �K½
∑

k

∑
m ak r(k −m)a∗m ≥ 0

Remark (Ù¦²^�)

I ì?²:x(n) ∼ x(n + k), k →∞
I Oþ²:x(n)− x(n + k)²¶

I H{5:k��m�²þÚO�4��uÏ"�
E (x(n)) = limN

1
2N+1

∑N
i=−N x(i)

E (x(n)x∗(n − k)) = limN
1

2N+1

∑N
i=−N x(i)x∗(i − k)

õÇÌ

Definition (õÇÌ�Ý)

®�²&Òx(n)�g�'S�r(k)§½Â�ÅL§�õÇ
ÌPSD: S(e iω)�r(k)�lÑ�mFá�C�"¡�õÇÌ�Ý"
klÑ�mFá�_C��±��r(k).
ZC�: S(z) =

∑
n r(k)z−k

5P:��&Ò�lÑ�mFá�C�(ªÇÌ)´�Å�²�x
D(!

Proposition

I õÇÌ�Ý±Ï�2π�¢¼ê¶

I �K½ S(e iω) ≥ 0

I &Ò�²þõÇ:P(x [n]) = E (x2[n]) = 1
2π

∫ π
−π S(e iω)dω

xD(: w(n) ∼WN(µ, σ2)
r(k) = σ2δ(k), S(e iω) = σ2.

;.~f

EXAMPLE
x(n) = A cos(w0n + φ) + v(n),Ù¥A´�~ê§φ´[0, 2π]þþ!
©Ù�ÅCþ§v(n)ÑlÕá�pd©ÙN(0, σ2).

O�k:
E (x(n)) = 0
r(n1, n2) = 1

2A
2 cos(w0(n1 − n2)).

AOg�'Ý
´ToeplitzÝ
!
S(w) = σ2 + 2πA2

∑
δ(w − w0 − 2πk)

LTIXÚ�^u²&Ò

Theorem (�35)

�½x(n, ξ)´k�Ï"�²�ÅL§§ÏLBIBO½LTIX
Úh[k],�� y(n, ξ) =

∑
k h[k]x [n − k; ξ]

y(n, ξ)UVÇ1Âñ§�XJx(n, ξ)��k�§KÑÑ�´��
k�§�§´²�ÅL§"

LTIXÚ�XÚ�A:�m�

I ÑÑÏ"µ(y [n]) = µ(x [n])H(e i0)

I p�'Xêrxy (k) = h(−k) ∗ rxx(k)

I g�'Xêry (k) = rh(k) ∗ rx(k),
Ù¥rh(k) = h(n) ∗ h(n − k)§�XÚ��'S�" AOÑ
ÑõÇPy = ry (0) =

∑
k rh(k)rx(k).

LTIXÚ�XÚ�A: ªÇ�

I zC� Sy (z) = H(z)H(1/z)Sx(z)

I gõÇÌ Sy (e iω) = |H(e iω)|2Sx(e iω)

I gõÇÌ�U��XÚ�ÌÝ�A§ØU��� �A"



Ì©)½n***

Definition (�K�Å&Ò)

XJ²�Å&Ò÷vPaley-Wiener^�¡��K�¶
=
∫ π
−π | lnS(ω)|dω <∞

Theorem (Ì©)**)

XJ²�Å&Ò´�K�§7k©)

S(z) = σ2Q(z)Q∗(1/z∗), =S(ω) = |Q(e iω)|2σ2
Ù¥Q(z)´��� XÚ"

?�²&ÒÚxDÑ&Ò�±ÏL���_��� XÚp�

��"

·ÜL§

Remark
²&Ò¹këY�õÇÌÚlÑ�õÇÌ(�Å&Ò),¡�·Ü
&Ò"

Theorem (Wold©)½n)

?�²L§x(n)�±�¤x(n) = xr (n) + xp(n),Ù¥xr (n)´�
KL§§xp(n)´lÑÌ��ýÿL§" �E (xrxp) = 0(��).
rx(k) = rr (k) + rp(k),�±�¤ xr (n) =

∑
k bkv(n− k)(MA(∞)L

§"

xp(n) = −
∑

k a(k)x(n − k).

Theorem (Kolmogorov½n)

?�ARMAL§�±^Ã¡�ARL§L«"

ARMA�.

Definition (ARMA�§)

XJ²�Å&Ò÷v

x(n) = −
∑p

k a(k)x(n − k) +
∑q

k b(k)w(n − k), Ù¥w(n)´xD
ÑÑ\;¡�ARMA(p,q)L§"g£8£Ä²þ�."

�XÚ¼ê H(z) = B(z)
A(z)

~f:

I MA�. =ARMA(0,q)�.§x(n) =
∑

b(k)v(n − k),�"
:�."

�K�²�ÅL§µ�9Ñ(Ø^(��Ä��Ñ),ëY�
õÇÌÚ

I AR�.: =ARMA(p,0)�
.§x(n) =

∑
a(k)x(n − k) + w(n),�4:�."

�ýÿL§§�Ñ9¹(��Ä�9Ñ§[±Ï5¶lÑ�

õÇÌ

Yule-Walker�§

AR(p)�.
∑p

k=0 akx(n − k) = w(n)
ü>Ó�¦±x∗(n −m),�Ï"
E [
∑

k a
∗
kx(n − k)x∗(n −m)] = E [w(n)x(n −m)]

dÏJ5w(n)�x(n −m)Ø�'¶ m = 0;σ2w =
∑

ak r(k)
m > 0;

∑p
k=0 a

∗
k r(m − k) = 0

Rx~a = −~r�Yule-Walker�§"
~a = (a1, . . . , ap),~r = (r∗(1), . . . , r∗(p))

r(0) r(1) · · · r(p − 1)
r∗(1) r(0) · · · r(p − 2)

...
...

...
...

r∗(p − 1) r∗(p − 2) · · · r(0)



a1
a2
...
ap

 =


r∗(1)
r∗(2)

...
r∗(p)





�.ëêO�

O2�§µRp+1ap = σ2wu
r(0) r(1) · · · r(p)
r∗(1) r(0) · · · r(p − 1)

...
...

...
...

r∗(p) r∗(p − 1) · · · r(0)




1
a1
...
ap

 =


σ2w
0
...
0


|^r(0), . . . , r(p)�±¦ÑapÚσ

2
w .

¢S¥A^*ÿ��OR,¦ëê"
5¿: ARMA,MA�.éA�¦ëê�§´��5�!

�O¯K

�½êâx(0), x(1), . . . , x(n − 1), |^�ÅCþ�O(½ëê
θ := θ̂ = g(x(0), . . . , x(n − 1)).

I �Oì�5Uº�ý¢���åº

I ´Ä�`ºN�é��`�Oº

Definition (�O©a)

I �Oì�5U:
I Ã �O: E (θ̂) = θ
I ì?Ã : n→∞, limE (θ̂) = θ
I k �O: b(θ) = E (θ̂)− θ

I �`OK:

þ�Ø�OK(MSE): mse(θ̂) = E
[
(θ̂ − θ)2

]
���O: n→∞,mse(θ̂)→ 0.

n��Oìµ����Ã �Oì(MVU)

Ý�O

I Ã þ��O: µ̂x = 1
N

∑
x(n)

xD(L§��: Var(µ̂x) = σ2x/N

��L§:Var(µ̂x) = 1
N

∑
(1− |k|N )cx(k),cx�x����¼

ê"

I k ���O: σ̂2x = 1
N

∑
(x(k)− µ̂x)2

xD(L§�E (σ̂2x) = N
N−1σ

2
x , ìCÃ "

��L§:Var(σ̂2x) ≈ c4x
N , c4x´x�o�¥%Ý"

I g�'�O

r̂x(k) =


1
N

∑N−1
n=1 x(n)x∗(n − k) 0 ≤ k ≤ N − 1

r̂x(−k) −(N − 1) ≤ k < 0

0 otherwise.

ì?Ã ¶g�'Ý
´��½¶��ªu"(���O);

EXAMPLE ({ü�ÅL§)

x(n) = A + w(n),w(n)´WGN(0, σ2)xD("�OA.

�5Å/�O: Wiener ÈÅì

EXAMPLE
®�&Òx1(n), x2(n), . . . , xk(n),�O&Òy(n).

� ˆy(n) = H(x1, x2, . . . , xk)����O&Ò"
Ø�&Òe(n) = y(n)− ŷ(n).
AOk�5�O§H´�5¼ê"

Remark (�Z�Oì)

Ø�e(n)÷v�½OK��Oì"
���KÓ��§|e(n)|, |e(n)|α.
�:MMSE��þ�²�Ø�L(n) = E [|e(n)|]2.
Gauss 19VuÐ¶
WienerÚKolmogorov �ZÈÅ¶ Kalman�?�ÚuÐ¶



~f

EXAMPLE (array signals)


�&Ò?n: xk(n)´�m&Ò§y(n)´,�����O&Ò"

EXAMPLE (&�þï)

y(n) = s(n) + e(n),�EÈÅìŷ(n) = y(n) ∗ h(n) = s(n).

EXAMPLE (linear predictor)

�5ýÿµy(n) = x(n),dx(n − 1), x(n − 2), . . . , x(n − k)�O"
�cýÿ9��ýÿ"

EXAMPLE (inverse system)

_XÚµLTIXÚ ŷ(n) = h(n) ∗ x(n),Ø�e(n) = y(n)− ŷ(n)"

�5þ�Ø��O

Definition (LMMSE)

�ŷ [n] =
∑

ck [n]xk [n],=Ŷ = C τX,
=X´êâ�þx1, x2, . . . , xk ,C´Xê�þ"

Definition (Ø�¡)

Ø�OKP = E (|e|2) = E (|ŷ − y |2)§
P(C ) = E ((C τX − y)2) = E |y |2 − C τd − dτC + C τRC,
Ù¥d = E (xy),R = E (xxτ ,P(C )¡��O�Ø�5U¡"

�R�½�k����)" XJ¦^knXÚ§Ø�5U¡�
U��g¡"

{�§

Remark (¦)L§)

��{P(C ) = E |y |2 − C τd − dτC + C τRC
P(C ) = E (y2)− dτR−1d + (RC − d)τR−1(RC − d), XJR�½§
������¿�^�RC0 = d; Pmin = Py − dτC0.
r11 r12 · · · r1k
r21 r22 · · · r2k
...

...
...

...
rk1 rk2 · · · rkk

 ∗

c1
c2
...
ck

 =


d1
d2
...
dk

 ; rij = E (xixj); di = E (xiy)

±þ¡�{�§"

Corollary (��5)

{�§�)÷vµ�OØ�e0Úx��"E (xe0) = 0. A
OE (ŷ e0) = 0.

Wiener-Hopf �§

Remark
�`FIRÈÅì:|^Ñ\&Òx [n]���§�OÏ"&Òy [n]§
AOk�5�Oŷ [n] =

∑M
m=1 h[n, k]x [n −m] = C τ [n]X [n]

éALTIXÚ§ C [n]��mÃ'§´~ê!

Proposition (²L§�`FIRÈÅì)

PR�g�'Ý
£Toeplitz)§rk = E (x [n]x [n − k]), p�'¥
þd = [di ] = (ryx(i));�LTIXÚXêH[k],

Wiener-Hopf�§µ
∑k=M

k=0 h[k]r(n − k) = ryx(n) = dn.
MMSEP(C0) = Py −

∑
h[k]ryx(k)

Remark
��Ø^�`IIRÈÅì, IIR�±dFIR%C¶FIR��§´�5�
§!



�`�5ýÿÈÅì***

I �5ýÿ: |^&ÒÙ¦��(�m)5�O,����&Ò
�"

c�ýÿµ-y [n] = x [n],xk [n] = x [n − k], 1 ≤ k ≤ M§
Pŷ = x(n|XM−1),
��ýÿ:
-y [n] = x [n −M],xk [n] = x [n −M + k], 1 ≤ k ≤ M§
Pŷ = x(n −M|Xn),

I c�ýÿ�§: Rg�'Ý
§dk = rxn−ky = r(−k);
Wiener-Hopf�§: Rh0 = ~r
MMSE P0 = r(0)− dτh0.

I ��ýÿ�§: Rg�'Ý
§dk = rxn+1−ky = r(M + 1− k);
Wiener-Hopf�§: Rh0 = ~rB

MMSE P0 = r(0)−~rBh0.

Wiener-Hopf �§ÚYule-Walker �§

I c�ýÿØ�ÈÅìe(n) = x(n)−
∑

h[k]x [n − k]
Wiener-Hopf�§: Rh0 = ~r

I AR(p)�.XêO�
∑p

k=0 akx(n − k) = w(n)¶
Rx~a = −~r�Yule-Walker�§"

I Wiener-Hopf �§ÚYule-Walker �§���5"
O2�§µRp+1ap = σ2wu
r(0) r(1) · · · r(p)
r∗(1) r(0) · · · r(p − 1)

...
...

...
...

r∗(p) r∗(p − 1) · · · r(0)




1
a1
...
ap

 =


σ2w
0
...
0


I ÈÅì�{�¢y'�´¦)±þ�§!

ÈÅì��O¢y

Remark (�O)

1. ¦){�§"��XêC¶

2. O�MSE P(C ),�y÷v�O�¦¶

3. O��O�ŷ¶

I {�§¦)�^?Û�{§�¢^¥�^�k��{¶

I �ê�½�{ vs �ê48�{

I ®�&E´��Ý¶AOk�ØCXÚ§��Ý�~ê!

Remark (�{�Ç)

I Gauss��{:O(M3)

I LDU©)µO(M2)

I Levinson48�{: O(M2)�¹¤k$��O¶·�Pm�
�Oŷm¶éAXê~Cm,Ý~dm.

¢^ÈÅì

I WienerÈÅì´n�ÈÅì"®�^�µ&Ò���ÝR±
9&Ò�8I��'Xêrdx .

I ���¦ÈÅì: °²L§§®�x(n), d(n), �OR, rdx .
LSÈÅì�{�§�R̂~C = ~rd , ��UþE = Ey − ~rd

τC .

Ù¥R̂ = ~X τ ~X , ~rd = ~X τd .
I g·AÈÅì: �°²L§§®�x(n), d(n),
�C�5�§Atwt = Dt§Uþ(���¦)E = |Aw − D|2,
���^S��{O� wt+1 = wt −∆E , 'XNewton�
{"

g·AÈÅì´ÆSL§§Âñv
¯§l�UCÈÅì

Xê§·AØÓ�¸"

I KalmanÈÅìµ�°²L§§�C�5�
§Dt = Atwt + b§ �kG��§wt+1 = Fwt + c ,Ù¥b, c´
DÑ½Ø�"

���^S��{: KalmanÈÅì�{('��¡§Ñ�).�
g·AÈÅì�3éA"

±þ�{�¢y�6uA^�5�ê¥�Ä�(J"



A^�5�ê�Ý
©)

�5�êÄ�¯K:Ax = b¦)§Ax = λx¦A��"
¯��{�Ä::Ý
©)

I A = LU: en�Ý
Úþn�Ý
�¦Èµ
pd��{ (L,U) = lu(A);

I A = QR ��Ý
Úþn�Ý
�¦È¶
Gram-schmidt��zµ
Household C�: H = I − 2uuτ´��Ý
§´±u�{�þ
�²¡?1���Ý
C�"

��MATLAB qr(A)^1�«(�½);

I A = UΣV τ SVD©), U,V��Ý
§
�rank(A) = r ,Σ = diag(σ1, . . . , σr )
5¿: AτAvi = σ2i vi ,AA

τui = σ2i ui ,σi¡�ÛÉ�"
Matlab: svd(A), svd(A, 0).
AOkA =

∑
uiσiv

τ
i ,Ý
deZ�þ�¦È��û½§

¡ui , vi�Karhunen-Leove Ä(AOé¡Ý
ui = vi ).
�A^uPCA§ã�Ø ��(��Ýú!).

{ü~f

EXAMPLE
�O��&Ò�þ�µ,®�&Òx1, x2, . . . , x99,�±½Â
µ =

∑
xi/99, #������x100§K#�O�µnew =

∑
xi/100

I �5�§�Aµ = X ,Ù
¥A = (1, 1, . . . , 1)τ ,X = (x1, x2, . . . , xn)τ .

I ���¦)(�_);AτAµ = AτX , µ = (AτA)−1AτX
AOùpAτA = 99.�y�O´�(�¶

I F"Ø��)�§§|^old)��#�)
µnew = µold ∗ 99/100 + x100 ∗ 1/100
!!! µnew = µold + 1/100(x100 − µold)
1/100¡�OÃÏf(gain factor), (x100 − µold)¡��
#(innovation)!

���4í�{

EXAMPLE
�Ac = d,®�Aoldcold = dold ,O\#êâAnew , dnew (�1). �±
��cnew = cold + (AτA)−1Aτnew (dnew − Anewcold).

I Aτ = [AτoldA
τ
new ],Dτ = [dτoldd

τ
new ]

I ���¦)(�_);AτAc = AτD, c = (AτA)−1AτD

I �\��¦)=�"

I (AτA)−1Aτnew¡�OÃÏf(gain factor), Ï~P
�K (Kalman),��´Ý
! (dnew − Anewcold)¡��
#(innovation)!

Kalman ÈÅì�{ü~f

EXAMPLE
�O��¾<�%au,®�&Òx1, x2,�±½Â u =

∑
xi/2, X

Jk%a��mO\Cú=u2 − u1 = α, KATXÛ�Oº

I �5(�C)�§�A(u1u2) = X ,Ù
¥A = (1, 1)τ ,X = (x1, x2)τ .

I O\kG��§u2 − u1 = α,

I |Ün��§§��#��5�§|A∗u = X
���¦)(�_);Aτ∗A∗u = Aτ∗X , u = (Aτ∗A∗)

−1Aτ∗X
�±��¦) ku2 = (x1 + 2x2 + α)/3, u1 = (2x1 + x2 − α).

I 4í¦)µ'�z�Ú4í�¹üÚ!
G��§ýÿ:un+1|n = Fun|n + α
���§µun+1|n+1 = un+1|n + K (xn − Aun+1|n)

I ��k�~E,§�9Ý
�_(ë�Woodbury-Morrison Ý

_úª);

I �mCz¬UC®k�O! AT�k1wL§, =un|n+1¬u

)Cz§�k#�4íL§"



A~µc�ýÿØ�ÈÅì

m�Wiener-Hopf�§: Rm
~hm = ~rm

O2�§µRm+1 ~am
τ = (Pm,~0)τ , ~am = (1, ~hm)τ .

¦)m + 1�O2�§

I |^Rm+2�Toeplitz5�kü�©)

Rm+2 =

[
Rm+1 ~rm+1

~r τm+1 r(0)

]
=

[
r(0) ~r τm+1

~rm+1 Rm+1

]
I 5¿��c§��ýÿm��§�)´�S'X:

Rm+1( ~am
B)τ = (~0,Pm)τ

I - ~am+1 = ( ~am, 0)τ + km+1(0, ~am
B)τ

�\m + 1��§§
k(Pm+1,~0m) = (Pm,~0m−1, δm) + km+1(δm,~0m−1,Pm) Ù
¥δm = ~rm+1

B ~am.
=kü��§Pm+1 = Pm + km+1δm, δm = −km+1Pm

=km+1 = −δm/Pm,Pm+1 = (1− km+1)2Pm.

I ¡km�m���Xê§δm� �'Xê"

Levinson-Durbin �{

m�Wiener-Hopf�§: Rm
~hm = ~rm

O2�§µRm+1 ~am
τ = (Pm,~0)τ .

1. Ñ\ r(0), r(1), . . . , r(m);

2. Ð©zµP0 = r(0), δ0 = r(1), k0 = −δ0/P0, a1 = k0

3. m�gO\;O�Pm = Pm−1 + δm−1km−1,
~rm = (r(1), r(2), . . . , r(M))τ ,
δm = ~rm+1

B ~am,
km = −δm/Pm,

~am+1 =

[
~am
0

]
+

[
0
~aBm

]
km¶

4. �yPm+1 = Pm + δmkm´Ä÷v^�

5. ÑÑ~am, km,Pm.

Levinson�{
)û?�~dm��/§��¡�Levinson�{¶
���Levinson�{©)�üÜ©µ�Ü©48�5ýÿ~am
(Levinson-Durbin �{); ,�Ü©48O��`ÈÅì(Xê);

1. Ñ\µ~rm, ~dm,Py

2. Ð©zµP0(c) = Py , δ0(c) = d1, k0(c) = −δ0(c)/P0(c), c1 =
k0(c)

3. Levinson-Durbin O�µ~am+1 =

[
~am
0

]
+

[
0
~aBm

]
km¶

4. O�Xêµδm(c) = −~cτm~rBm + dm+1, km(c) = δm(c)/Pm(c)

~cm+1 =

[
~cm
0

]
+

[
0
~cBm

]
km(c)¶

5. �yPm+1(c) = Pm(c) + δm(c)km(c)´Ä÷v^�

6. ÑÑ ~cm, km(c),Pm(c),~am, km,Pm.

���±�EAO��ª(�|^Cholesky©)��¢y�{¶
R−1m = LmD

−1
m Lm,Ù¥LmdLevinson-Durbin���en�X

êan,n−jÝ
§Dm = diag(P1, . . . ,Pm). �\���)�§!
Schur�{µ��O�km,ØO�am;

Beyond Least squares �����¦{

���¦�L2�

I ���¦{´A^�2���{µ

I A^þéA{üëê�þ���²;ÚO�.

�§Ac = D´over-determined: �§êõu��Cþê¶

I L2��y�NØ��§��Uk��ÅÄ�Ã{�Ø¶

DÕØ �L1�

I y�)Ô&E§ã�§ÄÏL«�+�uÐé¯¶

I A^þéA���E,(ëêõ)����ê��p�ÚO¯
K¶

�§Ac = D´under-determined: �§ê��u��Cþ
ê¶

F"^����Cþ�ê���ÐL0�"DÕL«!!!

I L1�´L0��%C, ÚO¿Âþy²L1���)éA�L0þ
���)¶

ïÄ�3UY!



Mathematical Methods in Signal Processing 1

EXERCISE ONE
��4/11�,�"þÅ���>f�4/11c�e�" �***KÀ�"

1. PL2(R)�E²��È¼ê(f : R → C), ½ÂE�È¿�yÙ´�
�Hilbert�m"

2. O�±Ï�2�Û�Å�Fá�?ê¶

3. �½�©�§u′′ + a2u = f(t),®��f(t) = δ(t)�§��Ä�)G(t) =
e−a|t|/(2a).y²µ�½?¿¼êf(t)�)� G(t) ∗ f(t).

5µ|^Fá�C�"

4. �Ñpd¼êL�ª§`²ÙáuSchwartz�m§O�ÙFá�C�"

5. y²µFá�C��éó5µ=F = f̂ , F̂ = 2πf(−t)"O� sin x
x �Fá�

C�"

6. y²: (1) XJü �A&Ò÷vh(t) = 0, t ≤ 0(¡�ÏJ&Ò),KXÚ´
ÏJXÚ"

(2) XJü �A&Ò÷v
∫
|h(t)| < ∞, KXÚ´BIBO½XÚ"(Ñ\

k.§ÑÑk.).

7. *** �y: �ê¼êeist´?�òÈ�fÚ²£�A��þ"

=?¿h(t) ∗ eist = λ(s)eist, Ts(e
ist) = λ(s)eist,Ù¥s��½ëê§t�C

þ"

þÅ��MATLAB

�¦J��M©�����1���'ãL§¿k�'(J�`²"

1. (&Ò�)¤�C�)

A:Á)¤±e&Ò���4096����S�(1)±Ï�2��Å(2)Matlab�Sinc¼
ê"

B:O�S��Fá�C�"xÑÙã/9ÙªÌ(�^fft)"

C:O�(1)Ú(2)�òÈ§xÑã/ÚªÌ"¿�y���òÈúª"

D:þ�§S(.m)9C¥�ã/(.fig ½.jpg)"

2. (ý¢&Ò�ªÌ©Û)

A: ÆSMATLAB demo: xpsound.m, ÆS&Ò�õÇÌ�Ý(PSD)ÚÌ
ã(Spectrogram)�½Â§ *	Ù¸�½�«��&Ò�'X"

B: gC¹\(Ñ)¤WAV©�½é���wav©�¶(�¦^�á��m
S�),Ö\&Òx(n);

C: �Ñ&Ò�õÇÌ�Ý(PSD)ÚÌã(|^¼ê periodogram(x), spec-
trogram(x)).

D: þ�wav©�9C¥ã/§`²&Ò�ã�'X¶
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3. (�[&ÒüD)

A:�E�S��DÑ&Ò(�^2¥&Ò\þ�ÅDÑrand¼ê);

B:�E�ê�k = 3(½�p)�þ�ÈÅì9¥ êÈÅì y(n) = mean(x(n), x(n−
1), x(n− 2)),y(n) = median(x(n), x(n− 1), x(n− 2))¿ÈÅ±þ&Ò"

C:xã�Ñ¤k&ÒÚÌ�Ýã§`²üD�J(�^sound¼êf)§'
�`²ü�ÈÅì�ØÓ"

D:þ��§S9C¥ã/"

E:(***) Á^��ý¢ã�¢y±þÚ½§`²¥ êÈÅì�Ð�±>
�&E"5¿µÈÅì´��Ý
"�^imfilter ½filter2¼ê"
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EXERCISE TWO
��5/9�,�"þÅ���>f�5/9c�e�" �***KÀ�"

1. (Dirac comb) ½Â4T (t) =
∑∞

n=−∞ δ(t − nT ),K Dirac comb´lÑ�±

ÏS�,y²ÙFá�Ðm�4T (t) = 1
T

∑
enWt, ?�ÚÙFá�C�

4̂T (t) = W4W (w),Ù¥W = 2π/T .

2. O�x(n) = cosnw, n ≥ 0�ü>LaplaceC�(nw¤¢ê),zC�ÚlÑ�
mFá�C�(DTFT),`²ÙÂñ�"

O�X(z) = z
z2+ω2�_zC�x(n).

3. �½��XÚH(z) = z
z−K ,K´~ê" �ÑÙéA��©�§(ÈÅì�

�L«).©OéK = 0, 0.5, 1��/©ÛÙªÇ�A§`²ÈÅìa.($
Ï,pÏ,FIR,IIR)"

4. �½ÈÅìy(n) + 5y(n− 2) = x(n) + 3x(n− 1) + 2x(n− 2).

a: �ÑXÚ�D4¼êH(z),¦ÑÙÀ-�Ah(n).

b: �Ñh(n)�ROC, XÚ�":Ú4:,¿�äXÚ�ÏJ5§½5"

5. y²: (1)XJlÑLTIXÚ´BIBO½�,KÙD4¼ê�Âñ�(ROC)�
¹ü 	"***���¤á"

(2) XJknD4¼ê�lÑLTIXÚ´BIBO½§KÙ¤k4:Ñ3ü
 �S(ROC�¹|z| ≥ 1).***���¤á"

6. (V�5C�) ½Âs = z−1
z+1 ,y²s�¥�ªÇwÚz�¥ªÇw′�'Xw =

tan(w′/2).

þÅ��MATLAB

�¦J��M©�����1���'ãL§¿k�'(J�`²"

1. (�[ü«���Ä�½n)

A: �E��ªÇk��&Ò(��eZ��u&Ò�Ú,Sa¼ê½gÀ(
Ñ©�)

B: �EÜ·Ä�ªÇ�Ä�&Ò"�ÑéA&Ò�ªÌ§¿xã'�"

C: }ÁlÄ�&Ò¡E�&Ò(�±filter)

D: þ��§S9B¥ã/"

E: (***)}Áé��ý¢ã�?1Ä�Ú¡E§'�¡Ec�ã���
É"

2. (zC�)�yþ¡1oK���(J"|^residue()¦Ñh(n),|^zplane()x
Ñ":Ú4:§ |^impz()xÑªÇ�A" þ�§S(.m)9ã/(.jpg)"
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3. (FIRÈÅì�O)�O��$ÏÈÅìÙ�I´µÏ���ªÇfp =
800Hz,{���ªÇfs = 1000Hz, Ä�ªÇf = 4000Hz,Ï�Å«αp =
0.5dB,��{�P~αs = 40dB.

(5:�O�kδp = 0.0559, δs = 0.01, wp = 0.4π,ws = 0.5π.)

A: |^MATLAB¼ê�O�Å«ÈÅì: firpm(); xÑªÇ�Aã(.fig
½.jpg)

B: |^MATLAB¼ê�O���¦ÈÅìµfirls();xÑªÇ�Aã(.fig
½.jpg)

C: |^MATLAB¼ê�OÄuI¼ê�FIRÈÅì"��Okaiserord(),
�^I¼ê blackman(),hamming(),kaiser(),chebwin(); ÈÅìµfir1();x
ÑªÇ�Aã(.fig ½.jpg)

D: þ��§S9¤kã/,'�n«�{��É"
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EXERCISE THREE
��5/23�,�"þÅ���>f�5/23c�e�" �***KÀ�"

1. �ÑlÑFá�C��_Ý
FN ,y²Ù�^lÑFá�C�DNO�"

(1) FN (~x(n)) = DN · ~x(N − n)/N , ~x(N − n)´Ñ\&Ò�_ü�¶

(2) FN (~x) = (DN · ~x∗)∗/N , Ù¥∗´E�Ý¶

(3) FN (~x) = swap(DN · swap(~x))/N§Ù¥swap(a+ bi) = b+ ai§=��
JÜÚ¢Ü"

2. (1) �½&Òx(n), ëY�ogDFT��(J´�oº �	D4
N .

(2) (**)Á�ÑD16�Ä�4��ÚÝ
©)(=�ÚÄ�4�FFT�{).

3. (1) y²µFá�C�Ý
�1�þck = {W kj
N , j = 0, 1, . . . , N − 1}´¤

kN�Ì�Ý
�A��þ§ Ù¥WN = e−i2π/N ,O�1�þ��Ý"

(2)�½±e���©Ý
A2,y²DCT2�¤k1�þck = {cos(j +
1/2)kπ/N, j = 0, 1, . . . , N − 1}´ÙA��þ¿O�1�þ��Ý"

A2 =


1 −1
−1 2 −1

. . .
−1 2 −1

−1 1

 A4 =


1 −1
−1 2 −1

. . .
−1 2 −1

−1 3


4. y²:DCT4�¤k1�þck = {cos(j+1/2)(k+1/2)π/N, j = 0, 1, . . . , N−

1´±þÝ
A4�A��þ" �ÑA4�1�1Ú���1�O��

{"(�ÑéA�>.^�¿O�).

5. |^zC��Ñ2Ä�$��ªÇ�A"(↑ 2)(↓ 2)(eiw) = 1
2 (eiw+ei(w+π))

9(↓ 2)(↑ 2)(eiw) = eiw.

6. �yhat¼ê(n�Å)´ºÝ�§φ(t) = 2
∑L
k=0 h0(k)φ(2t − k)�)"Ù

¥h0 = (1/4, 1/2, 1/4). ***`²:���B�^¼êÑ´Ù)"

7. �½Daubechies¦ÈÈÅìP0(z) = 1
16 (−1+9z−2+16z−3+9z−4−z−6)"

(1)�yÙ÷vPR^�(���),¦ÑÙ8�":"

(2)Á�Ñ��4/4ÈÅì|�h0, f0L�ª¶(Daubechies�Å)

(3)Á�Ñ��6/2ÈÅì|�h0, f0L�ª¶

(4)Á�Ñ��5/3ÈÅì|�h0, f0L�ª¶

þÅ��MATLAB

�¦zKJ���M©�(����1)Ú��¤k(J�`²©�"
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1. (FFTÚòÈ)

A:gC?���¢yN = 2KS�FFT�{�§S"¿�EN = 4096½�
��S�§�MATLAB�FFT'�$1�m(MATLAB�m¼ê)"

B:gC?�ü��Ó�ÝS��Ì�òÈ§S"�E½|^1�g���
êâ?1òÈO�"¿�|^MATLABfft, ifft¢yÌ�òÈ��{'
�$1�m" ��oMATLABvkÌ�òÈ¼êº

C:ÆS^MATLAB debuguy±þü�§S�Ì�$�´¶(s¤�m�
õ�è), '�$1�m¿}ÁU?"

D:(***) Á^FFTC�ý¢ã�§,�À��Ü©Fá�Xê(���Ý

½��ê�º),2^ifftC�wã�´�o" XÛÀ�fÝ
?

2. (DCT2C�)

A:�ÑN = 8�DCT2�8 × 8Ý
�l�Ä�þ(1�þ)§xÑÙÄ�þ
±9ÙFá�C��þ"

BÁ�DCTØ "À���256×256½Ü·��ã�§|^MATLAB�DCT2¼
êC�§·�Ø Xê§2^IDCT2¡E§'�ã��É"

5Pµ�±À��þ���
§Ù{��C"" ½ö�3��Xê§ò

��Xê�""

C(***)Á�JPEGØ "À���256× 256½Ü·��ã�§©�ã�¤
�8× 8��¬§z¬?1DCT2C�§�·�Ø z��8× 8fÝ
§2
^IDCT2¡E§'�ã�"

5PµIOjpgØ òUCã��Ý���'X[−128, 127],Ø±IOØ 
Ý
UCz�8× 8fÝ
§(J��§2 �_§�ë��'©z"

3. (�Å¼ê)|^N�¥cascade.m¼êO�±e�Å�ºÝ¼ê"

A: ���ÑDaubechies�Å�ºÝ¼ê"

B: |^SK¥(J§�Ñ5/3,6/2�Å�ºÝ¼ê"

C: �h = (1/4, 1/2, 1/4),h = (2/3, 1/3),�Ñ(J"

4. (�ÅC�)ë�N�¥D4.m¼ê?����ÅC�"

A: gC?���¢y5/3ÈÅì|����ÅC�(ØS�)9Ù_C�"
�±æ^±Ï�>.^�(=À�C�Ý
�Ì�Ý
). �Ñ��ÿÁ&
Ò�C�9_C�(J('Xsinc&Ò).

5PµXJ?§(J§�±��^D4.m¥�4/4ÈÅì|C�"

B: ¦^A¥¼ê§?§¢yS���ÅC�9_C�"(S�ëê�À,�
�3-5=�).�Ñ��~f.

C: (&ÒØ )À���&Ò('Xsinc&Ò)§À�Ü·��{Ø B¥C
��Xê(,
�"),¿_C�¡E§'�ØÓ"

D: (&Ò�D)�&Ò\þ�ÅDÑ§¦^²;�ÅMüD�{((½��
z�δ,�ÅXê'δ�K�").'�üD�J"

E:(***)(ã�Ø üD) Á^MATLAB�Åóä�¥¼êéý¢ã�?1
C�§Ø ½üD§¡E§'�ã�"
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EXERCISE FOUR
��6/10�&�"þÅ���>f�6/10c�e�" �***KÀ�"

1. ��Å&Òx[n] = A cos(ωn + φ),Ù¥φ´[0, 2π]þþ!©Ù��ÅC
þ§A´þ��",���σ2���©Ù"

(a) ¦x[n]�þ�§��¶

(b) O�Ùg�'Xê§`²§´²&Ò"

(c) O�ÙªÇÌÚõÇÌ"

2. y²LTIXÚ�Ñ\ÚÑÑ�g�'Xêúª: ry(k) = rh(k) ∗ rx(k),
Ù¥rh(k) = h(n) ∗ h∗(n− k)§�XÚ��'S�"
***Ý
L«: Y = HX,KE(Y Y τ ) = HE(XXτ )Hτ .

3. y²µHousehold C�: H = I − 2uuτ´��Ý
§`²Ù´±u�{�þ
�²¡?1���Ý
C�"

4. y²±eÝ
_�úª: �M,A,W´n× nÝ
,U, V´�ê�n×m,m×
n�Ý
§ u, v´n× 1, 1× n��þ"I´ðÓÝ
"
(a)M = I − uv,M−1 = I + uv/(1− vu)
(b)M = I − UV ,M−1 = In + U(Im − V U)−1V

(c)***M = A − UW−1V ,M−1 = A−1 + A−1U(W − V A−1U)−1V A−1

Woodbury-Morrison úª"

þÅ��MATLAB

�¦zKJ���M©�(����1)Ú��¤k(J�`²©�"

1. (ÚO&Ò?n)

A:ÆSMATLABdemo:lpcardemo.m,Á�\ÀJ�(Ñ©�ïá��AR�
.,'��.Úý¢êâ��É(�ùfÚÌ'�)

B:gC�EMA�.Ú)¤xD(, NÁØÓ��.§�)k¿Â�(Ñ!

c:(***) ÆSMATLABdemo:ipexwiener.m,Á�\ÀJ�ã�?1Wiener
�D§`²�É"

2. (Ý
©))

A:�Å�)Ý
A256×256.

B:|^MATLAB¼êO�A�LU©)§QR©)§SVD©)"'�O�
�Ý"

C: ***Á^��ã���Ý
§¦ÑSVD©)§Ø eZÛÉ�(σi <
h,→ σi = 0),¡Eã�§'�Ø �J!
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